Published by Institute of Physics Publishing for SISSA Received: October 6, 2005 Revised: November 15, 2005 Accepted: November 16, 2005 Published: December 12, 2005

One-loop renormalization of Resonance Chiral Theory: scalar and pseudoscalar resonances^∗

Ignasi Rosell,^a Pedro Ruiz-Femenía^b and Jorge Portolés^a

aDepartament de Física Teòrica, IFIC, CSIC — Universitat de València Edifici d’Instituts de Paterna, Apt. Correus 22085, E-46071 València, Spain bTheory Division, Max-Planck-Institut für Physik Föhringer Ring 6, D-80805 München, Germany E-mail: Ignasi.Rosell@ific.uv.es, ruizfeme@mppmu.mpg.de,

jorge.portoles@ific.uv.es

Abstract: We consider the Resonance Chiral Theory with one multiplet of scalar and pseudoscalar resonances, up to bilinear couplings in the resonance fields, and evaluate its β-function at one-loop with the use of the background field method. Thus we also provide the full set of operators that renormalize the theory at one loop and render it finite.

Keywords: 1/N Expansion, Chiral Lagrangians, Nonperturbative Effects, QCD.

∗ Work supported in part by HPRN-CT2002-00311 (EURIDICE).

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep122005020 /jhep122005020 .pdf

Contents

1. Introduction 1

2. RχT with scalar and pseudoscalar resonances 3

3. Generating functional at one loop 6 3.1 Expansion around the classical solutions 7 3.2 Divergent part of the generating functional at one loop 8 3.3 Result 10

4. Features and use of the renormalized RχT lagrangian 10

5. Summary 13

A. Notation 14

B. Equations of motion for the classical fields 15

C. Short-distance constraints on the λ^{RR}_i couplings 15

D. Second-order fluctuation of the lagrangian 16

E. Results: operators and coefficients of the β-function 21

1. Introduction

It is well known that the study of low-energy hadrodynamics is tampered with by our present inability to implement non-perturbative Quantum Chromodynamics (QCD) fully in those processes. Hence, conspicuously, in order to disentangle New Physics effects from the Standard Model we need to work out a frame that enforces QCD in this energy region as close as possible.

In the very low-energy regime (typically E ≪ M_V , where M_V is short for the mass of the lightest vector meson multiplet) Chiral Perturbation Theory (χPT) [1, 2] has become a successful model-independent tool that exploits the main features of an Effective Theory approach to QCD, namely the symmetries of the underlying theory and the phenomenologically suited assumption of spontaneous breaking of the chiral symmetry. χPT is a non-decoupling Effective Theory ruled by the SU(N_F )_L ⊗ SU(N_F )_R chiral symmetry of massless QCD and it is built in terms of the pseudo-Goldstone bosons (to be identified with the lightest multiplet of pseudoscalar mesons) that are generated in the phase transition driven by the spontaneous breaking of the symmetry, all the heavier states being integrated

– 1 – out. This framework is worked out as a perturbative expansion in the momenta and masses of the pseudoscalar mesons and it has proven to be a rigorous and fruitful scheme [3]. Although χPT is non-renormalizable stricto sensu, it supports a perturbative renormalization procedure where all loop divergences can be reabsorbed (when regularized within a scheme that respects chiral symmetry) into a finite number of new operators. This procedure is well defined order by order in the chiral expansion. Accordingly its generating functional has been systematically calculated up to O(p^6), that is two loops for even-intrinsic-parity processes [2, 4, 5] and one loop in the odd-intrinsic-parity sector [6]. χPT has profusely guided light meson dynamics in the last twenty years.

At higher energies (M_V^<_∼ E^<_∼ 2 GeV) the situation is more involved. This regime is populated by many resonances and the absence of a mass gap in the spectrum of states makes difficult to provide a formal Effective Theory approach to implement QCD properly. Hence we have to rely on additional information provided by the strong interaction underlying theory. Large-N_C QCD [7] furnishes a practical scenario to work with. The N_C → ∞ limit strongly constrains meson dynamics by asserting that the Green Functions of the theory are described by the tree diagrams of an effective local lagrangian with local vertices and meson fields, higher corrections in 1/N_C being yielded by loops described within the same lagrangian theory. In addition the spectrum of this limit of QCD is given by an infinite set of non-decaying meson states. This scheme has supplied thorough insights to extract information from the theory [8, 9]. Nevertheless a strict formulation of large-N_C QCD in the N_C → ∞ limit is still lacking, mainly due to the fact that we do not know how to implement an infinite spectrum in a model-independent manner.

The known phenomenology of hadron processes seems to support the assumption that when a resonance leads the dynamics of an observable, heavier resonances, with the same quantum numbers, tend to play a decreasing role. This reasonable endorsed conjecture helps us to model large-N_C QCD with a lagrangian theory that involves, besides pseudoscalar mesons, one U(3) multiplet of scalar, pseudoscalar, vector and axial-vector resonances, each one to be identified with the lightest corresponding states in the phenomenological spectrum. The remaining restrictions on the theory come from the symmetry properties of QCD, like chiral symmetry driving the interactions of the pseudoscalar mesons and U(3) unitary symmetry for the matter fields (resonances) [10]. This construction, that constitutes the basis of the Resonance Chiral Theory (RχT), was carried out in detail in ref. [11], though considering operators with only one resonance field in the even-intrinsic-parity sector.^1 Notice that in contrast to many models of the resonance fields that have been widely employed in the literature, RχT only uses basic QCD symmetry features without any additional ad hoc assumptions. Its model aspect only comes from the fact that we do not include an infinite spectrum in the theory, which is one of the features of the N_C → ∞ limit of QCD. Finally the elements that provide the theory, symmetries and spectrum, give the structure of the operators but do not supply information on the couplings of the lagrangian. However these are strongly constrained by short-distance properties of the un-

1An extension to operators contributing, upon integration, to the O(p^6) χPT lagrangian is under way [12].

– 2 – derlying QCD dynamics: an interplay between hadronic form factors and Green functions of the QCD currents can furnish all-important information on the couplings [13] through a matching procedure that has been very much used lately with notable success [14, 15]. Other models have also been used to fulfill this task [16].

Since its inception RχT has been applied both to the study of resonance contributions in weak interaction processes (radiative and non-leptonic kaon decays) [17] and to the study of form factors of mesons [18] where only the RχT lagrangian at tree level has been used and, accordingly, the leading contribution in the large-N_C model we are describing has been obtained. The next-to-leading order in the 1/N_C expansion arises from one loop calculations within the theory and its control starts to be necessary both on grounds of the convergence of the predictions and to straighten our knowledge of non-perturbative QCD. Some pioneering work at one-loop has already been performed [19, 20] showing not only the technical difficulties that appear but also the conceptual intricacies that involve the construction of the theory.

RχT is non-renormalizable. Moreover the lack of an expansion parameter in the lagrangian does not make feasible the application of a perturbative renormalization program based on a well defined power-counting scheme analogous to the one in χPT. Nevertheless from a practical point of view the situation is similar to the χPT case [21]. As shown in ref. [20], where the vector form factor of the pion was calculated at one loop in RχT, it is possible to construct a finite number of operators, within the theory, whose couplings can absorb the divergences coming from one loop diagrams. The only requirement is, of course, that the regularization procedure of the loop divergences respects the symmetries of the lagrangian.

In the present article we have studied the full one-loop generating functional that arises from RχT when one multiplet of scalar and pseudoscalar resonances are considered and only up to bilinear couplings in the resonances are included. We have evaluated the divergent contributions and, consequently, we have obtained the full set of operators needed to renormalize the theory properly. The conceptual differences with the χPT renormalization program will also be stressed.

In section 2 we describe shortly the content of RχT that is of interest in our case. Section 3 is devoted to explain the procedure and hints that we follow to perform the evaluation of the generating functional, whose results are given in section 4 and commented in section 5. In section A we point out the conclusions and summarize. Most of the technical details are relegated to the appendices.

2. RχT with scalar and pseudoscalar resonances

We consider the RχT lagrangian constituted by pseudo-Goldstone bosons (the lightest pseudoscalar mesons) and one multiplet of both scalar and pseudoscalar resonances. Motivated by the large-N_C limit we include U(3) multiplets for the spectrum, i.e. both for the pseudo-Goldstone bosons and the resonances, though we limit ourselves to SU(3) external currents as we are not interested in anomaly related issues. Our lagrangian reads:

L_{RχT} (ϕ, S, P) = L^{(2)}_χ + L_{kin}(S, P) + L_2(S) + L_2(P) + L_2(S, P) , (2.1)

– 3 – where L^{(2)}_χ is the O(p^2) χPT lagrangian,

L^{(2)}_χ =

F^2 4 ⟨u_μ u^μ + χ_+⟩ , (2.2)

with F ≃ 92.4 MeV the decay constant of the pion in the chiral limit and the brackets ⟨· · · ⟩ stand for a trace in the flavour space. The kinetic term for the scalar S(0^{++}) and pseudoscalar P (0^{−+} ) resonances is:

L_{kin}(S, P) = 1 2 � R=S,P � ∇^μ R ∇_μ R − M^2_R R^2 � , (2.3)

that also includes interaction terms through the covariant derivatives. Finally the pure interacting terms for resonances and pseudoscalars are given by [11, 12]:

L_2(S) = c_d ⟨S u_μ u^μ ⟩ + c_m ⟨S χ_+⟩ + λ^{SS}_1 ⟨SS u^μ u_μ ⟩ + λ^{SS}_2 ⟨Su_μ Su^μ ⟩ + λ^{SS}_3 ⟨SS χ_+⟩ , L_2(P) = i d_m ⟨P χ_− ⟩ + λ^{PP}_1 ⟨P P u^μ u_μ ⟩ + λ^{PP}_2 ⟨P u_μ P u^μ ⟩ + λ^{PP}_3 ⟨P P χ_+⟩ , L_2(S, P) = λ^{SP}_1 ⟨{∇_μ S, P }u^μ ⟩ + i λ^{SP}_2 ⟨{S, P }χ_− ⟩ , (2.4)

where all the couplings are real valued. We follow closely the notation of refs. [11, 12] that, for convenience, is recalled in appendix A.

Several comments on our lagrangian theory^2 are suitable here:

- Notice that we are not including the χPT lagrangian of O(p^4) and higher orders.

It has been shown [11] that L^{(4)}_χ is largely saturated^3 by the resonance exchange generated by the linear terms in the resonance field given by L_2(S) and L_2(P ), hence the explicit introduction of L^{(4)}_χ would amount to include an overlap between both resonance contributions. An analogous analysis at O(p^6) has not been performed systematically but it also looks a reasonable assumption. Thus our theory stands for a complete resonance saturation of the χPT lagrangian.

- The structure of the resonance interacting operators follows a definite pattern. The linear terms in the resonance fields were already introduced in ref. [11] and have the structure ⟨R χ^{(2)}⟩, where χ^{(2)} ≡ χ_± , u_μ u^μ is a chiral tensor, involving Goldstone bosons and external currents, of O(p^2) in the chiral counting.^4 However the theory does not look consistent with these pieces only. This is because the kinetic term in eq. (2.3), due to the covariant derivative, also includes an interacting term with two resonances. Hence it seems congruous to include all the interacting terms with two

2Notice that the equations of motion are being used in order to reduce the number of operators. For instance, terms like ⟨P ∇μ u^μ ⟩ are not present in eq. (2.4), since using eq. (B.1) (appendix B) we would generate operators that, either we have already considered, or with a higher number of resonances.

3This is much more clear in the case of vector and axial-vector resonances as their phenomenology is better known.

4This is in fact the origin of the subindex 2 in the lagrangian (L2), i.e. that the Goldstone and external currents are introduced with chiral tensors of that order.

– 4 – resonances that have the structure of the kinetic term, i.e. ⟨R R χ^{(2)}⟩, as we have done^5 [12].

- The RχT lagrangian satisfies, by construction, the strictures of chiral dynamics at very low-energies (E ≪ M_R). Notwithstanding, it is clear that there is no small coupling or kinematical parameter that could allow us to perform a perturbative expansion in order to solve the effective action of the theory, as it happens in χPT. Hence it looks that the exclusion of many (infinite) operators (e.g. one resonance and a O(p^4) chiral tensor, etc), satisfying the required symmetries, is not justified. The way out to this assessments has several components. On one side RχT is not an Effective Theory but a consistent phenomenological lagrangian model where many of the constraints from QCD are enforced. In particular it can be seen [12] that shortdistance conditions limit strongly the operators that are allowed (those with higher order chiral tensors tend to violate the QCD ruled asymptotic behaviour of Green’s functions or form factors). On the other side we have the large-N_C limit in order to guide a loop perturbative expansion, not in the lagrangian, but in the observables evaluated with it.

It has also been proposed [22] that, due to the fact that the chiral counting is spoiled when resonances are included in loops, it could be possible to keep the chiral counting by disentangling the “hard” modes that could be absorbed in the renormalization program. In this way one gets a chiral expansion even if resonance contributions in the loop are considered. This procedure can be useful but only if one is interested in the application at very low energies out of the resonance region.

- The lagrangian theory described by eq. (2.1) satisfies the N_C counting rules [7, 23].

Leading operators in the large-N_C limit have one trace in the flavour space and we attach to this leading order terms. From the interaction vertices we see that the couplings F, c_d, c_m and d_m are of O( √ N_C ) while λ^{SS}_i , λ^{P P}_i and λ^{SP}_i are of O(1).

- Short-distance constraints on the asymptotic behaviour of form factors and Green functions [9, 13] provide, in the N_C → ∞ limit, the following relations:

c_m = c_d = √ 2 d_m = F 2 , (2.5)

and M^2_P = 2 (1 − δ)M^2_S with δ ≃ 3 πα_S F^2/M^2_S ∼ 0.08 α_S . Short-distance constraints on the λ^{RR}_i couplings in the N_C → ∞ are, at the moment, more controversial [12, 24, 25]:

λ^{SS}_3 = λ^{P P}_3 = 0 ,

λ^{SP}_1 = 4 λ^{SP}_2 = − d_m c_m = − 1 √ 2 , (2.6)

5Notice that field redefinitions could generate operators with chiral tensors of O(p^4) or larger in the chiral counting and would change the terms in the lagrangian of eq. (2.4). We choose a representation of the fields such that only operators with the structures ⟨χ^{(2)}⟩, ⟨Rχ^{(2)}⟩ and ⟨RRχ^{(2)}⟩ appear.

– 5 – where we have used eq. (2.5). In appendix C we explain how these last results are obtained. Though the relations shown in eqs. (2.5), (2.6) could be used to simplify the outcome of the calculations presented in this article, we will give the full results without short-distance constraints built-in so as not to lose generality.

The lack of an expansion coupling or parameter in RχT hinders a perturbative renormalization like the one applied in χPT. Nevertheless a complete one-loop calculation of the vector form factor of the pion in RχT [11] was performed in ref. [20] with special attention to the renormalization program. It was shown that, using dimensional regularization, all the divergences could be absorbed by the introduction of local operators fulfilling the symmetry requirements. This is a particular case of the well known fact that all divergences are local in a quantum field theory [26], and are given by a polynomial in the external momenta or masses. Hence it is reasonable to consider the construction of the full set of operators that renders our L_{RχT} (ϕ, S, P ) theory finite up to one-loop. Accordingly we perform the one-loop generating functional of our lagrangian theory to evaluate the full set of divergences that arise. This we pursue in the rest of the article.

3. Generating functional at one loop

The generating functional of the connected Green functions, W [J], is the logarithm of the vacuum-to-vacuum transition amplitude in the presence of external sources J(x) coupled to bilinear quark currents: e^{i W [J]} = 1 N � [dψ]e^{i S0[ψ,J]} , (3.1)

where the normalization is such that W [0] = 0 and the field ψ is, in our case, short for the Goldstone and resonance mesons. The evaluation of the generating functional of our lagrangian theory L_{RχT} (ϕ, S, P ), is readily done with the background field method [27, 28], where the action is expanded around the classical fields ψ_{cl}. By defining the quantum field as Δψ = ψ − ψ_{cl}, the expansion up to one loop (L = 1) is given by:

W [J]_{L=1} = S_0[ψ_{cl}, J] − i ln � � [dΔψ] exp � i � d^4x_1 δ S_0[ψ, J] δψ_i(x_1) � � �_{ψ cl} Δψ^i(x^1) + + i 2! � d^4x_1 d^4x_2 Δψ_i(x_1) × × δ^2 S_0[ψ, J] δψ_i(x_1) δψ_j (x_2) � � � ψ_{cl}

Δψ_j(x_2) � � , (3.2)

but for an irrelevant constant. The i, j indices run over all the different fields and are summed over. The classical field ψ_{cl} is, by definition, the solution of:

δS_0[ψ, J] δψ_i(x) � � ψ_{cl}

= 0 , (3.3)

that provides the implicit relation ψ_{cl} = ψ_{cl}[J] and the Equations of Motion (EOM) for the classical fields. The explicit expressions of the latter are detailed in appendix B. Solving

– 6 – the remaining gaussian integral in the euclidean spacetime and coming back to Minkowsky we have finally:

W [J]_{L=1} = S_0[ψ_{cl}, J] + S_1[ψ_{cl}, J] , (3.4)

S_1[ψ_{cl}, J] = i 2 ln det D(ψ_{cl}, J) , (3.5)

where D(ψ_{cl}, J) is the quadratic differential operator specified by:

⟨ x|D(ψ_{cl}, J)|y⟩_{ij} = δ^2 S_0[ψ, J] δψ_i(x) δψ_j (y) � � �_{ψ cl} . (3.6)

The action at one loop needs regularization and, following the use within χPT, we will proceed by working in D spacetime dimensions, a procedure that preserves the relevant symmetries of our theory. Divergences in the functional integration are local and, within dimensional regularization, can be absorbed through local operators that satisfy the same symmetries than the original theory [26]. The one-loop renormalized lagrangian is thus defined by:

L_1[ψ, J] = μ^{D−4} � L^{ren}_1 [ψ, J; μ] + 1 (4π)^2 1 D − 4

L^{div}_1 [ψ, J] � . (3.7)

In eq. (3.7) we have split the one-loop bare lagrangian into a renormalized and a divergent part, and the scale μ is introduced in order to restore the correct dimensions in the renormalized lagrangian for D ≠ 4. The divergent part L^{div}_1 contains the counterterms which exactly cancel the divergences found in the result for the one-loop generating functional of eq. (3.4).

Up to one loop L_1[ψ, J] can be written in terms of a minimal basis of N operators O_i[ψ, J]. For a non-renormalizable theory, such as RχT, N grows with the number of loops. Accordingly we expect to find in our evaluation of S_1[ψ, J] many more operators that those in the original tree level theory S_0[ψ, J]. The structure of these obeys the same construction principles (symmetries) that gave L_{RχT} (ϕ, S, P ) in eq. (2.1), though we foresee that higher-order chiral tensors may be involved. A detailed study of the functional integration shows that the new terms have the structure χ^{(4)}, R χ^{(4)} or R R χ^{(4)} (with a single or multiple traces) and χ^{(2)}, R χ^{(2)} and R R χ^{(2)} (with multiple traces).^6

3.1 Expansion around the classical solutions Following the aforementioned procedure we expand the action associated to our lagrangian L_{RχT} (ϕ, S, P ) in eq. (2.1) around the solutions of the classical EOM: u_{cl}(ϕ), S_{cl} and P_{cl}. The fluctuations of the pseudoscalar Goldstone fields Δ_i (i = 0, . . . , 8), and of the scalar and pseudoscalar resonances ε_{Si} and ε_{Pi} , are parameterized as:^7

u_R = u_{cl} e^{iΔ/2} , u_L = u^†_{cl} e^{−iΔ/2} ,

6As it will be emphasized later, in the procedure and due to a necessary field redefinition, terms with more than two resonances will be generated. We attach to our initial scheme and only will keep terms with up to two resonances.

7This is a convenient choice for the pseudoscalar fluctuation variables in order to simplify several cumbersome expressions. Notice that, once the “gauge” uR = u^†_L ≡ u is enforced, it implies that the classical and the quantum Goldstone fields commute: u_{cl} exp(iΔ/2) = exp(iΔ/2)u_{cl}.

– 7 –

S = S_{cl} + 1 √ 2 ε_S , P = P_{cl} + 1 √ 2 ε_P , (3.8)

with Δ = Δ_iλ_i F , ε_S = ε_{Si} λ_i , ε_P = ε_{Pi} λ_i . (3.9)

In the following we will drop the subindex “cl” for simplicity.

Expanding the lagrangian using eqs. (3.8), (3.9) up to terms quadratic in the fields (Δ_i, ε_{Si} , ε_{Pi} ) and using the EOM of appendix B, we obtain the second-order fluctuation lagrangian, that takes the form:^8

ΔL_{RχT} = − 1 2 Δ_i � d^′_μ d^{′μ} + σ � ij Δ_j − 1 2 ε_{Si} � d^μ d_μ + k^S � ij ε_{Sj} − − 1 2 ε_{Pi} � d^μ d_μ + k^P � ij ε_{Pj} + ε_{Si} a^S_{ij} Δ_j + ε_{Pi} a^P_{ij} Δ_j + ε_{Pi} a^{SP}_{ij} ε_{Sj} +

+ε_{Sk} b^S_{μ ki} d^μ_{ij}Δ_j + ε_{Pk} b^P_{μ ki} d^μ_{ij} Δ_j + ε_{Pk} b^{SP}_{μ ki} d^μ_{ij} ε_{Sj} . (3.10)

Derivatives and matrices are defined in appendix D where it is also shown that in order to write ΔL_{RχT} in the form displayed above we need to perform two field redefinitions. This procedure generates operators with multiple resonance fields. However our theory, as specified in section 2, does not include operators with more than two resonances and, for consistency, we shall keep this structure in the fluctuation lagrangian, thus disregarding operators with three or more resonance fields in the following. We will comment later on the consequences of this feature. It is customary to write the second-order fluctuation lagrangian as: ΔL_{RχT} = − 1 2 η (Σ_μ Σ^μ + Λ) η^⊤ , (3.11)

where η collects the fluctuation fields, η = (Δ_i, ε_{Sj} , ε_{Pk}), i, j, k = 0, . . . , 8, η^⊤ is its transposed and the rest of definitions are given in appendix D.

3.2 Divergent part of the generating functional at one loop After we have performed the second-order fluctuation on our lagrangian theory we come back to our discussion at the beginning of this section in order to identify the one-loop generating functional, specified now by the action:

S_1 = i 2 ln det (Σ_μ Σ^μ + Λ) . (3.12)

We use dimensional regularization to extract the divergence of this expression. As emphasized in the literature [29] it is convenient to employ the Schwinger-DeWitt proper-time representation, embedded in the heat-kernel formalism, in order to extract the residue at the D − 4 pole. Ref. [27] shows that, in fact, symmetry considerations can also provide this information (at least up to one loop).

Hence we get:

S_1 = − 1 (4π)^2 1 D − 4 � d^4xTr � 1 12 Y_{μν} Y^{μν} + 1 2 Λ^2 � + S^{finite}_1 , (3.13)

8The intricacies of this evaluation are explained in detail in appendix D.

– 8 – where Tr is short for the trace in the flavour space, Y_{μν} denotes the field strength tensor of Y_μ in eq. (D.26): Y_{μν} = ∂_μ Y_ν − ∂_ν Y_μ + [Y_μ , Y_ν ]. The finite remainder S^{finite}_1 cannot be simply expressed as a local lagrangian, but can be worked out for a given transition [2, 5].

Finally we get the one-loop divergence as:

S^{div}_1 = − 1 (4 π)^2 1 D − 4 � d^4x L^{div}_1 , (3.14)

where

L^{div}_1 = 1 12 ⟨γ^′_{μν} γ^{′ μν} + 2γ_{μν} γ^{μν} ⟩ + 1 2 ⟨σ^2 + k^{P2} + k^{S2}⟩ +

+⟨a^Sa^{S⊤} + a^Pa^{P⊤} + a^{SP}a^{SP⊤}⟩ − 1 12 � γ^{′ μν} � b^S_μ^⊤b^S_ν + b^P_μ^⊤b^P_ν � � − − 1 12 � γ^{μν} � b^S_μ b^S_ν^⊤ + b^P_μ b^P_ν^⊤ + b^{SP}_μ b^{SP}_ν^⊤ + b^{SP}_μ^⊤b^{SP}_ν � � − − � a^{S⊤} � d̄^μ_+b^S_μ + 1 2 b^{SP}_μ^⊤b^{P μ} � + a^{P⊤} � d̄^μ_+b^P_μ − 1 2 b^{SP}_μ b^{S μ} � + + a^{SP⊤} � d̂μ b^{SP}_μ + 1 2 b^{P μ} b^S_μ^⊤ � + + 1 4 � σ � b^S_μ^⊤b^{S μ} + b^P_μ^⊤b^{P μ} � + k^S � b^{S μ} b^S_μ^⊤ + b^{SP}_μ^⊤b^{SP μ} � + + k^P � b^{P μ} b^P_μ^⊤ + b^{SP μ} b^{SP}_μ^⊤ � + + 1 4 ⟨d̃^μ_− b^S_μ^⊤d̄^ν_+b^S_ν + d̃^μ_− b^P_μ^⊤d̄^ν_+b^P_ν + d̂^μ b^{SP}_μ^⊤d̂^ν b^{SP}_ν ⟩ − − 1 12 ⟨d̃_{+μ} b^S_ν^⊤d̄^{[μ}_− b^{S ν ]} + d̃_{+μ} b^P_ν^⊤d̄^{[μ}_− b^{P ν ]} + d̂_μ b^{SP}_ν^⊤d̂^{[μ} b^{SP ν ]}⟩ + + 1 4 ⟨d̃^μ_− b^S_μ^⊤b^{SP}_ν^⊤b^{P ν} − d̃^μ_− b^P_μ^⊤b^{SP}_ν b^{S ν} + d̂^μ b^{SP}_μ^⊤b^{P ν} b^S_ν^⊤⟩ − − 1 12 ⟨d̃^μ_+b^{S ν ⊤}b^{SP}_{[μ}^⊤b^P_{ν]} − d̃^μ_+b^{P ν ⊤}b^{SP}_{[μ} b^S_{ν]} + d̂^μ b^{SP ν ⊤}b^P_{[μ} b^S_{ν]}^⊤⟩ + + 1 48 � b^S_μ^⊤b^{S μ} b^S_ν^⊤b^{S ν} + b^S_μ^⊤b^{S ν} b^S_ν^⊤b^{S μ} + b^S_μ^⊤b^S_ν b^{S μ ⊤}b^{S ν} � + + � b^P_μ^⊤b^{P μ} b^P_ν^⊤b^{P ν} + b^P_μ^⊤b^{P ν} b^P_ν^⊤b^{P μ} + b^P_μ^⊤b^P_ν b^{P μ ⊤}b^{P ν} � + + � b^{SP}_μ^⊤b^{SP μ} b^{SP}_ν^⊤b^{SP ν} + b^{SP}_μ^⊤b^{SP ν} b^{SP}_ν^⊤b^{SP μ} + b^{SP}_μ^⊤b^{SP}_ν b^{SP μ ⊤}b^{SP ν} � + + 1 24 � b^S_μ^⊤b^{S μ} b^P_ν^⊤b^{P ν} + b^S_μ^⊤b^{S ν} b^P_ν^⊤b^{P μ} + b^S_μ^⊤b^S_ν b^{P μ ⊤}b^{P ν} � + + � b^{SP}_μ^⊤b^{SP μ} b^{S ν} b^S_ν^⊤ + b^{SP}_μ^⊤b^{SP ν} b^S_ν b^{S μ ⊤} + b^{SP}_μ^⊤b^{SP ν} b^{S μ} b^S_ν^⊤ � + + � b^{P μ} b^P_μ^⊤b^{SP ν} b^{SP}_ν^⊤ + b^{P μ} b^P_ν^⊤b^{SP ν} b^{SP}_μ^⊤ + b^P_μ b^P_ν^⊤b^{SP μ} b^{SP ν ⊤} � , (3.15)

where derivatives and matrices are defined in appendix D and γ_{μν} = ∂_μ γ_ν − ∂_ν γ_μ + [γ_μ , γ_ν ] (correspondingly for γ^′_{μν} ). Moreover for two vectors A_μ ,B_μ we write A_{[μ} B_{ν]} = A_μ B_ν − A_ν B_μ . This result is completely general for the second-order fluctuation lagrangian in eq. (3.10). However, and as explained in appendix D, the expressions given there are valid only for operators with up to two resonances as we limit ourselves in this article.

– 9 –

3.3 Result

When worked out, S^{div}_1 in eq. (3.14) can be expressed in a basis of operators that satisfy the same symmetry requirements than our starting lagrangian L_{RχT} (ϕ, S, P ). A minimal basis of RχT operators that, upon integration of the resonances, contributes to the O(p^6) χP T lagrangian, in SU(3), will be found elsewhere [12]. However, up to now, a basis for the one-loop RχT has still not been worked out. This is precisely our result generated by S^{div}_1 . Hence, at one loop, the RχT lagrangian needed to renormalize our theory reads:

L_1 = 18� i=1 α_i O_i + 68� i=1 β^R_i O^R_i +

383� i=1 β^{RR}_i O^{RR}_i . (3.16)

The O_i operators correspond to those up to O(p^4) in U(3)_L ⊗ U(3)_R χP T [30]. O^R_i and O^{RR}_i involve one and two resonance fields, respectively, together with χ^{(2)} and χ^{(4)} chiral tensors. The couplings in the bare lagrangian L_1 read, in accordance with eq. (3.7):

α_i = μ^{D−4} � α^r_i (μ) + 1 (4π)^2 1 D − 4 γ_i � , β^R_i = μ^{D−4} � β^{R,r}_i (μ) + 1 (4π)^2 1 D − 4 γ^R_i � , β^{RR}_i = μ^{D−4} � β^{RR,r}_i (μ) + 1 (4π)^2 1 D − 4 γ^{RR}_i � , (3.17)

where γ_i, γ^R_i and γ^{RR}_i are the divergent coefficients given by S^{div}_1 that constitute the β-function of our lagrangian (we use the terminology of ref. [21]). The determination of the latter though straightforward involves a long calculation. In order to diminish the possibility of errors we have performed two independent evaluations. One of them has been carried out with the help of the FORM 3 program [31] and the other with Mathematica [32]. The full result when scalar and pseudoscalar resonances are included is rather lengthy. In appendix E we provide the sets O_i, O^S_i and O^{SS}_i . The coefficients γ_i are fully given, however γ^S_i and γ^{SS}_i are only brought when just scalar resonances are considered, which reduces the total number of operators to 177. The complete result with the inclusion of pseudoscalar resonances is available at http://ific.uv.es/quiral/rt1loop.html or upon request from the authors.

4. Features and use of the renormalized RχT lagrangian

In order to understand the aspects and use of the renormalized RχT lagrangian that we have obtained above, we would like to emphasize here several of its features:

1. In table 1 we have collected the full basis of O(p^2) and O(p^4) U(3)_L ⊗ U(3)_R χPT operators generated in the functional integration at one loop. We should recover the result first obtained in ref. [30]. After the comparison is made^9 we agree indeed with

9Notice that the notation of ref. [30] is different to ours though, to ease the comparison, the order chosen is the same. We always quote our notation for the operators.

– 10 – their results. Notice though that in order to disentangle the resonances, it is not enough to withdraw all the resonance couplings. This is because the derivative terms in L_{kin}(S, P ), which do not carry any resonance coupling, also contribute through the functional integration to several of the operators, namely O_4, O_7, O_{13}, O_{14} and O_{15} in table 1. We have confirmed that L_{kin}(S, P ) gives precisely the difference between our coefficients γ_4, γ_7, γ_{13}, γ_{14}, γ_{15} and those of ref. [30] once the resonance couplings have been switched off.

2. Our result provides the running of the α_i, β^R_i and β^{RR}_i couplings through the renormalization group equations (RGE). From eq. (3.17) we get: μ d dμ α^r_i (μ) = − γ_i 16 π^2

, (4.1)

and, analogously, for β^R_i and β^{RR}_i . This result can be potentially useful if we are interested in the phenomenological evaluation of the resonance couplings at this order. Though μ is known to be of the order of a typical scale of the physical system, let us say μ = M_S or μ = M_P , there always remains some ambiguity on the precise value of μ at which the low-energy couplings are extracted from the phenomenology. The RGE (4.1) provides an estimate of the reliance of such determinations. If the coupling under request varies drastically with the scale it is clear that the value obtained phenomenologically has a large uncertainty, while if it has a smooth running the determination is more reliable.

Within this issue it is interesting to take a closer look to the running of the resonance couplings in the original RχT lagrangian [11], namely, c^r_d(μ), c^r_m(μ) and d^r_m(μ). Their corresponding β-function coefficients are β^S_1 , β^S_4 and β^P_{44}, respectively (notice that we are taking into account here the complete results, including scalar and pseudoscalar resonances). We obtain: μ d dμ c^r_d(μ) = − N 16π^2 c_d

M^2_S F^2 � 2λ^{SS}_1 + 4λ^{SS}_2 − 3 c^2_d F^2

− (λ^{SP}_1 )^2 � , μ d dμ c^r_m(μ) = − N 32π^2

M^2_S F^2 � c_d � 1 − 4 c_dc_m F^2 � − 4λ^{SP}_1 � d_m + c_mλ^{SP}_1 � , μ d dμ d^r_m(μ) = − N 16π^2 λ^{SP}_1

M^2_P F^2 � 1 − 2

M^2_S M^2_P � � c_d − 2 c_m − 2 d_mλ^{SP}_1 � , (4.2)

where N is the number of flavours. First of all note that the running, as expected, is a next-to-leading order effect in the 1/N_C expansion. This fact is guided by the M^2_R/F^2 factors taking into account that M_R ∼ O(1) and F ∼ O( √ N_C ). Another interesting aspect is the interval over which μ runs. It is well known [26] that the couplings are only relevant at the scale of the momenta involved in the processes (in order to diminish the role of the logarithms). In our case μ ∼ M_S , M_P . Thus we do not expect a large running for the scale, namely a few hundreds of MeV. This last conclusion brings us to the next point. At next to leading order in 1/N_C we can ignore the running on the right-hand-side of eqs. (4.2). Hence we can input the

– 11 – leading order values for the couplings, given by eqs. (2.5), (2.6) and obtained from the short-distance constraints in section 2, to get the leading logarithm in the evolution of c^r_m(μ) and d^r_m(μ). It is remarkable that, at this order, eqs. (4.2) predict no running for these coupling constants, as the right-hand-side of their RGE vanishes. Unfortunately we cannot conclude anything about c_d, as there are no known constraints on λ^{SS}_1 and λ^{SS}_2 . If the Large-N_C estimates for the couplings are to be reliable we come to the conclusion that the predictions for c_m and d_m are rather robust. Moreover the same exercise for the O_i operators involving only Goldstone and external fields in table 1 shows that also O_2, O_8, O_9, O_{10}, O_{11}, O_{12}, O_{16} and O_{18} do not run at one loop, i.e. all those operators involving χ_+ and/or χ_− . Also notice that c_m and d_m rule operators sharing this feature.

3. In the procedure we have employed to evaluate the functional integration of L_{RχT} up to one loop we have withdrawn those operators with three or more resonance fields and kept up to two resonances. A cut in the number of resonances is necessary because to reach the gaussian expression in eq. (3.11) we need to perform several field transformations (see appendix D) that generate operators with more resonance fields which in turn require additional field transformations and so on. One of the differences of RχT with respect to χPT (in the strong [2] or electroweak interaction [33] form of the latter) is that we do not have an expansion parameter into the lagrangian that can provide a natural cut for higher order terms in these field transformations. Notice that the cut in the number of resonances seems to hinder our result, as it does not allow us to renormalize divergent one loop diagrams with three or more resonance fields as external legs. However we would not expect to treat these loops as we are not including, in our leading order lagrangian, interacting terms with three or more resonance fields.

To end this section we would like to show a simple example of the application of our result. We consider the one-loop renormalization of the two-point function of scalar currents:

Π^{ij}_{SS} (q^2) = i � d^4x e^{iq·x}⟨0|T {S^i(x)S^j (0)}|0⟩ , S^i(x) = q(x)λ^iq(x) , (4.3)

in the chiral limit and when only scalar resonances are considered. The divergent loop diagrams contributing are those depicted in figure 1. In order to cancel the divergences one needs to add the counterterm contributions in figure 2, where diagram C_1 is given by O_{12} + 2O_{16} = ⟨χ^2_+⟩ in table 1, C_2 by O^S_4 = ⟨Sχ_+⟩ in table 2 and C_3 by O^{SS}_1 = ⟨SS⟩ in table 3. The cancellation works as follows: One part of the contribution of C_1 cancels completely the divergence in the loops L_1 + L_2. Another piece of C_1 together with C_2 eliminates the divergence coming from L_3 and, finally, all remaining contributions of C_1 and C_2 add to C_3 in order to render L_4 finite. Notice that, as there are no nonlocal divergences, the contributions of 1PR diagrams are brought finite once 1PI diagrams have been properly renormalized.

– 12 –

Figure 1: One-loop contributions to the Π^{ij}_{SS} (q^2) correlator in the chiral limit when only scalar resonances are included. A single line stands for a Goldstone boson while a double line indicates a scalar resonance. Their result is divergent.

Figure 2: Counterterm contributions that renormalize the one-loop result of figure 1. A double line stands for a scalar resonance.

5. Summary

RχT provides a consistent framework to study the energy region of the hadronic resonances, M_V^<_∼ E^<_∼ 2 GeV. It embodies a phenomenological lagrangian where Goldstone bosons and resonances fields are kept as active degrees of freedom; this is the key ingredient for the application of the large-N_C expansion. Recently, and after its multiple explorations at tree level, it has emerged some interest in the application of RχT at one loop level mainly to understand how the features of QCD are implemented into the theory.

In this work we have systematically obtained, by using the background field method and for the first time, both the full basis of operators and the β-function coefficients that render finite, up to one loop, our initial lagrangian L_{RχT} in eq. (2.1). This would correspond to the next-to-leading order in the 1/N_C expansion but including one multiplet of scalar and pseudoscalar resonances only. Our main result is given by eq. (3.16) and the γ_i, γ^R_i , γ^{RR}_i parameters in eq. (3.17). The outcome is relevant for the study of those diagrams involving a loop with up to two resonances and any number of Goldstone bosons in the legs.

Acknowledgments

The authors would like to thank G. Amorós, G. Ecker, R. Kaiser and A. Pich for hints and conversations on the topic of this work. P. Ruiz-Femenía is indebted to M. Aguado and T. Hahn for their help with Mathematica programming. I. Rosell is supported by a FPU scholarship of the Spanish MEC. This work has been supported in part by MEC

– 13 –

(Spain) under Grant FPA2004-00996, by Generalitat Valenciana (Grants GRUPOS03/013, GV04B-594 and GV05/015) and by ERDF funds from the European Commission.

A. Notation

In this article we follow the notation introduced in ref. [11] that we collect here.

The non-linear realization of spontaneously broken chiral symmetry G = U(3)_L⊗U(3)_R is defined by the action of the group on the elements u_{R,L}(ϕ) of the coset space G/ U(3)_V :

u_L(ϕ)^G−→ g_L u_L(ϕ) h(g, ϕ)^† , u_R(ϕ)^G−→ g_R u_R(ϕ) h(g, ϕ)^† , (A.1)

where g = (g_L, g_R) ∈ G and h(g, ϕ) ∈ U(3)_V .

The following chiral tensors have been used:

u_μ = i � u^†_R (∂_μ − ir_μ ) u_R − u^†_L (∂_μ − iℓ_μ ) u_L � , Γ_μ = 1 2 � u^†_R (∂_μ − ir_μ ) u_R + u^†_L (∂_μ − iℓ_μ ) u_L � , χ_± = u^†_Rχu_L ± u^†_Lχ^†u_R , χ = 2B_0 (s + ip) , (A.2)

where s, p, r and ℓ are scalar, pseudoscalar, right and left external fields, respectively. The covariant derivative is defined by

∇_μ X = ∂_μ X + [Γ_μ , X] , (A.3)

for any X transforming as

X^G−→ h(g, ϕ) X h(g, ϕ)^† , (A.4)

under the chiral group, like the tensors u_μ , χ_± or the resonance fields S, P .

We can take the choice of coset representative such that u_R(ϕ) = u^†_L(ϕ) ≡ u(ϕ), whose explicit form in the exponential parameterization is:

u(ϕ) = exp � i √ 2 F ϕ � , ϕ = 1 √ 2 8� i=0 λ_i ϕ_i , (A.5)

where the normalization of the Gell-Mann matrices is given by ⟨λ_iλ_j ⟩ = 2δ_{ij} and ϕ is the nonet of pseudo-Goldstone fields. Scalar and pseudoscalar resonances have analogous U(3)_V content to the one described by ϕ:

ϕ = � � � 1√ 2 π^0 +^{1√}_6 η_8 +^{1√}_3 η_0 π^+ K^+ π^− −^{1√}_2 π^0 +^{1√}_6 η_8 +^{1√}_3 η_0 K^0 K^− K̄^0 −^{2√}_6 η_8 +^{1√}_3 η_0

� � � . (A.6)

– 14 –

B. Equations of motion for the classical fields

The classical fields are defined by eq. (3.3). From the RχT lagrangian in eq. (2.1), the EOM’s for the Goldstone and resonance fields are obtained as the system of coupled equations:

∇^μ u_μ = i 2 χ_− −

2c_d F^2

∇^μ {u_μ , S} + i c_m F^2

{χ_− , S} − 1 2F^2 � u_μ , [∇^μ S, S] � − − 2λ^{SS}_1 F^2

∇_μ {u^μ , SS} −

4λ^{SS}_2 F^2

∇_μ (S u^μ S) + i λ^{SS}_3 F^2

{χ_− , SS} − − d_m F^2

{χ_+, P } − 1 2F^2 � u_μ , [∇^μ P, P ] � − 2λ^{PP}_1 F^2

∇_μ {u^μ , P P } − − 4λ^{PP}_2 F^2

∇_μ (P u^μ P ) + i λ^{PP}_3 F^2

{χ_− , P P } −

2λ^{SP}_1 F^2

∇^μ {∇_μ S, P } + + λ^{SP}_1 2F^2 � u_μ , � S, {P, u^μ } � − λ^{SP}_2 F^2 � χ_+, {S, P } � , (B.1)

∇^μ ∇_μ S = −M^2_S S + c_m χ_+ + c_d u_μ u^μ + λ^{SS}_1 {S, u_μ u^μ } + 2λ^{SS}_2 u_μ Su^μ + +λ^{SS}_3 {S, χ_+} − λ^{SP}_1 ∇_μ {P, u^μ } + iλ^{SP}_2 {P, χ_− } , ∇^μ ∇_μ P = −M^2_P P + i d_m χ_− + λ^{PP}_1 {P, u_μ u^μ } + 2λ^{PP}_2 u_μ P u^μ + +λ^{PP}_3 {P, χ_+} + λ^{SP}_1 {∇_μ S, u^μ } + iλ^{SP}_2 {S, χ_− } . (B.2)

C. Short-distance constraints on the λ^{RR}_i couplings

Most of the short-distance constraints on the couplings of RχT come from matching Green functions of QCD currents evaluated within the resonance theory with the results obtained in the leading OPE expansion [15]. Another source of conditions arise from form factors. Parton dynamics demands that two-body form factors of hadronic currents should vanish at infinite momentum transfer [34], property known as Brodsky-Lepage behaviour. It is also phenomenologically well known that any hadronic form factor seems to share this feature, at least in the case of stable asymptotic states.

Form factors of QCD currents that involve resonance asymptotic states do not necessarily fall in the group above. Hence it is not clear whether the latter should satisfy the Brodsky-Lepage behaviour. It is often claimed that as resonances are non-decaying states in the N_C → ∞ limit, they should not be treated differently from (real) stable states. However one shall keep in mind that the strict large-N_C limit also requires to consider an infinite number of resonances, so the discussion is far from settled. Within this discussion it has been also observed [25] that not always all short-distance constraints can be satisfied at the same time.

Leaving aside this issue, if one enforces the Brodsky-Lepage behaviour on the resonance form factors useful constraints among the couplings are found [12]. From the pseudoscalar form factor ⟨P^i|p^j |S^k⟩ and ⟨P^i|s^j|π^k⟩ we obtain, respectively,

λ^{SP}_1 = 4 λ^{SP}_2 , (C.1)

– 15 – and λ^{SP}_1 = − d_m c_m

. (C.2)

Finally the scalar form factors ⟨P^i|s^j |P^k⟩ and ⟨S^i|s^j|S^k⟩ give

λ^{P P}_3 = λ^{SS}_3 = 0 . (C.3)

D. Second-order fluctuation of the lagrangian

The expansion around the classical solution of the fields in our lagrangian L_{RχT} (ϕ, S, P ) up to second order (as required for the one loop evaluation) gives:

ΔL_{RχT} = ΔL^{(2)}_χ + ΔL_{kin}(S, P) + ΔL_2(S) + ΔL_2(P) + ΔL_2(S, P) , (D.1)

where

ΔL^{(2)}_χ = −

F^2 8 � χ_+Δ^2 � + F^2 4 � ∇^μ Δ∇_μ Δ + 1 4 [u_μ , Δ] [u^μ , Δ] � , (D.2)

ΔL_{kin}(S, P) = 1 4 ⟨∇^μ ε_S∇_μ ε_S⟩ −

M^2_S 4 ⟨ε_S ε_S⟩ + 1 32 � [u^μ , Δ], S � [u_μ , Δ], S � − − 1 8 ⟨[∇_μ Δ, Δ][S, ∇^μ S]⟩ + 1 4 √ 2 � [u_μ , Δ] � [S, ∇^μ ε_S] − [∇^μ S, ε_S] � + + 1 4 ⟨∇^μ ε_P∇_μ ε_P⟩ −

M^2_P 4 ⟨ε_P ε_P⟩ + 1 32 � [u^μ , Δ], P � [u_μ , Δ], P � − − 1 8 ⟨[∇_μ Δ, Δ][P, ∇^μ P ]⟩ + 1 4 √ 2 � [u_μ , Δ] � [P, ∇^μ ε_P] − [∇^μ P, ε_P] � , (D.3)

ΔL_2(S) = − i c_m 2 √ 2 ⟨ε_S{Δ, χ_− }⟩ − c_m 8 ⟨{S, Δ}{χ_+, Δ}⟩ − c_d √ 2 ⟨ε_S{∇_μ Δ, u^μ }⟩ + + � � c_d S + λ^{SS}_1 SS � � ∇^μ Δ∇_μ Δ + 1 8 � Δ, [u_μ , Δ] � , u^μ � + + λ^{SS}_1 2 � ε^2_S u^μ u_μ � − λ^{SS}_1 √ 2 ⟨{S, ε_S} {u_μ , ∇^μ Δ}⟩ +

+λ^{SS}_2 ⟨S ∇_μ Δ S ∇^μ Δ⟩ + λ^{SS}_2 2 ⟨ε_Su_μ ε_Su^μ ⟩ − − √ 2λ^{SS}_2 � ε_S � ∇_μ Δ S u^μ + u_μ S ∇^μ Δ � + λ^{SS}_2 4 � [Δ, u_μ ], Δ � S u^μ S � − − λ^{SS}_3 8 ⟨{SS, Δ}{χ_+, Δ}⟩ − i λ^{SS}_3 2 √ 2 ⟨{S, ε_S}{χ_− , Δ}⟩ + λ^{SS}_3 2 � ε^2_S χ_+ � , (D.4)

ΔL_2(P) = d_m 2 √ 2 ⟨ε_P{Δ, χ_+}⟩ − i d_m 8 ⟨{P, Δ}{χ_− , Δ}⟩ +

+λ^{PP}_1 � P P � ∇^μ Δ∇_μ Δ + 1 8 � Δ, [u_μ , Δ] � , u^μ � + λ^{PP}_1 2 � ε^2_P u^μ u_μ � − − λ^{PP}_1 √ 2 ⟨{P, ε_P} {u_μ , ∇^μ Δ}⟩ + λ^{PP}_2 ⟨P ∇_μ Δ P ∇^μ Δ⟩ + λ^{PP}_2 2 ⟨ε_Pu_μ ε_Pu^μ ⟩ − − √ 2λ^{PP}_2 � ε_P � ∇_μ Δ P u^μ + u_μ P ∇^μ Δ � + λ^{PP}_2 4 � [Δ, u_μ ], Δ � P u^μ P � −

– 16 –

− λ^{PP}_3 8 ⟨{P P, Δ}{χ_+, Δ}⟩ − i λ^{PP}_3 2 √ 2 ⟨{P, ε_P}{χ_− , Δ}⟩ + λ^{PP}_3 2 � ε^2_P χ_+ � , (D.5)

ΔL_2(S, P) = λ^{SP}_1 8 � {∇_μ S, P } � [Δ, u^μ ], Δ � − λ^{SP}_1 √ 2 � ∇^μ Δ � {∇_μ ε_S, P } + {∇_μ S, ε_P} � + + λ^{SP}_1 4 √ 2 � [u_μ , Δ], S � {ε_P, u^μ } − √ 2{P, ∇^μ Δ} � + λ^{SP}_1 2 ⟨{∇_μ ε_S, ε_P}u^μ ⟩ + + λ^{SP}_1 4 √ 2 � [u_μ , Δ], ε_S � {P, u^μ } � + λ^{SP}_1 8 � [Δ, ∇_μ Δ], S � {P, u^μ } � − − i λ^{SP}_2 8 � {S, P } � Δ, {χ_− , Δ} � + λ^{SP}_2 2 √ 2 � {Δ, χ_+} � {ε_S, P } + {S, ε_P} � + + i λ^{SP}_2 2 ⟨χ_− {ε_S, ε_P}⟩ . (D.6)

The evaluation of the path integral requires a gaussian rearrangement of the integration variables. However the second-order fluctuation ΔL_{RχT} does not have this structure due to the terms ⟨P P ∇_μ Δ∇^μ Δ⟩, ⟨P ∇_μ Δ P ∇^μ Δ⟩, ⟨S∇_μ Δ∇^μ Δ⟩, ⟨SS ∇_μ Δ∇^μ Δ⟩, ⟨S ∇_μ Δ S ∇^μ Δ⟩ and ⟨{∇_μ ε_S, P }∇^μ Δ⟩ in eqs. (D.4), (D.5), (D.6). A way out is provided by a redefinition of the fields that eliminates the unwanted terms:

Δ → Δ − c_d F^2

{Δ, S} − λ̃SS_1 F^2

{Δ, SS} −

2λ̃^{SS}_2 F^2

S Δ S − λ̃PP_1 F^2

{Δ, P P } −

2λ̃^{PP}_2 F^2

P Δ P ,

ε_S → ε_S + √ 2λ^{SP}_1 {P, Δ} − √ 2λ^{SP}_1 c_d F^2 � P, {Δ, S} � , (D.7)

where the following constants have been defined:

λ̃^{SS}_1 ≡ λ^{SS}_1 − 3 2 c^2_d F^2

, λ̃^{SS}_2 ≡ λ^{SS}_2 − 3 2 c^2_d F^2 , λ̃^{PP}_1 ≡ λ^{PP}_1 − (λ^{SP}_1 )^2 , λ̃^{PP}_2 ≡ λ^{PP}_2 − (λ^{SP}_1 )^2 . (D.8)

The transformation of the integration measure only yields δ^4(0) terms which have no effect on the theory [35].^{10}

Performing the transformations given by eq. (D.7) on ΔL_{RχT} and keeping only terms with up to two resonances we finally obtain:

ΔL_{RχT} = − 1 2 Δ_i � d^′_μ d^{′μ} + σ � ij Δ_j − 1 2 ε_{Si} � d^μ d_μ + k^S � ij ε_{Sj} − − 1 2 ε_{Pi} � d^μ d_μ + k^P � ij ε_{Pj} + ε_{Si} a^S_{ij} Δ_j + ε_{Pi} a^P_{ij} Δ_j + ε_{Pi} a^{SP}_{ij} ε_{Sj} +

+ε_{Sk} b^S_{μ ki} d^μ_{ij}Δ_j + ε_{Pk} b^P_{μ ki} d^μ_{ij} Δ_j + ε_{Pk} b^{SP}_{μ ki} d^μ_{ij} ε_{Sj} , (D.9)

that has the proper gaussian structure and where the following definitions have been introduced:

d^μ_{ij} = δ_{ij} ∂^μ + γ^μ_{ij} � χ , (D.10)

10In dimensional regularization the later result is immediate, as δ^d(0) = 0.

– 17 – d^{′μ}_{ij} = d^μ_{ij} + γ^μ_{ij} � R , (D.11)

γ^μ_{ij} � �_χ = − 1 2 ⟨Γ^μ [λ_i, λ_j ]⟩ , (D.12)

γ^μ_{ij} � �_R = c^dλ^{SP1}

2F^2

⟨{P, λ_i}{u^μ , λ_j }⟩ + (− 1 16F^2 + c^2_d 8F^4

) ⟨[S, ∇^μ S][λ_i, λ_j ]⟩ − − 1 16F^2

⟨[P, ∇^μ P ][λ_i, λ_j ]⟩ − λ^{SP}_1 16F^2 � S, {P, u^μ } � [λ_i, λ_j ] � + + λ^{SS}_2 λ^{SP}_1

F^2 � {P, λ_i} � λ_j S u^μ + u^μ S λ_j � + λ^{SS}_1 λ^{SP}_1 2F^2 � S, {P, λ_i} � {u^μ , λ_j } � − − c^2_dλ^{SP}_1 2F^4 � {S, λ_i} � [P, u^μ ], λ_j � − � i ↔ j � , (D.13)

k^S_{ij} = δ_{ij} M^2_S − λ^{SS}_1 2 ⟨u^μ u_μ {λ_i, λ_j }⟩ − λ^{SS}_2 ⟨λ_iu_μ λ_j u^μ ⟩ − λ^{SS}_3 2 ⟨χ_+{λ_i, λ_j }⟩ , (D.14)

k^P_{ij} = δ_{ij} M^2_P − λ^{PP}_1 2 ⟨u^μ u_μ {λ_i, λ_j }⟩ − λ^{PP}_2 ⟨λ_iu_μ λ_j u^μ ⟩ − λ^{PP}_3 2 ⟨χ_+{λ_i, λ_j }⟩ , (D.15)

σ_{ij} = 1 16 � χ_+{λ̂_i, λ̂_j } � − 1 16 � [u_μ , λ̂_i][u^μ , λ̂_j ] � − − c_d 4F^2 � ∇^2S{λ_i, λ_j } � + c_m 8F^2 � {S, λ̂_i}{χ_+, λ̂_j } � + c_d 8F^2 � {S, u^μ } � [u_μ , λ̂_i], λ̂_j � − − c_dλ^{SP}_1 2F^2 � � {∇_μ P, λ̂_i}{u^μ , λ̂_j } � + � {P, λ̂_i}{∇_μ u^μ , λ̂_j } � � + + i 2F^2 � d_m 4 + c_mλ^{SP}_1 � � {P, λ̂_i}{χ_− , λ̂_j } � − 1 32F^2 � S, [u^μ , λ_i] � S, [u_μ , λ_j ] � + + 1 8F^2 � [u^μ , λ_i] � u_μ , λ̃^{SS}_1 {SS, λ_j } + 2λ̃^{SS}_2 Sλ_j S � + + 1 8F^2 � [u^μ , λ_i] � λ_j, � λ^{SS}_1 {SS, u_μ } + 2λ^{SS}_2 Su_μ S � − − 1 8F^2 � {χ_+, λ_i} � λ̃^{SS}_1 − λ^{SS}_3 �{SS, λ_j } + 2λ̃^{SS}_2 Sλ_j S � − − c^2_d 2F^4

⟨{∇^μ S, λ_i}{∇_μ S, λ_j }⟩ − c^2_d 4F^4 � {S, λ_i}{∇^2S, λ_j } � − − λ̃SS_1

4F^2 � ∇^2S^2{λ_i, λ_j} � − λ̃SS_2

F^2 � λ_i∇_μ � ∇^μ Sλ_j S � + + M^2_S(λ^{SP}_1 )^2 2F^2

⟨{P, λ_i}{P, λ_j }⟩ − λ̃PP_1

8F^2

⟨{χ_+, λ_i}{P P, λ_j }⟩ − − λ̃PP_2

4F^2

⟨{χ_+, λ_i}P λ_j P ⟩ − λ^{SP}_1 λ^{SP}_2 2F^2 � P, {P, λ_i} � {χ_+, λ_j } � + + λ^{PP}_3 8F^2

⟨{P P, λ_i}{χ_+, λ_j }⟩ − λ^{SS}_3 (λ^{SP}_1 )^2 F^2

⟨{P, λ_i}{P, λ_j }χ_+⟩ − − 1 32F^2 � P, [u^μ , λ_i] � P, [u_μ , λ_j ] � + c^2_d(λ^{SP}_1 )^2

4F^4 � [u^μ , P ], λ_i � [u_μ , P ], λ_j � − − (λ^{SP}_1 )^2 4F^2 � [u^μ , λ_i], {P, λ_j } � {P, u_μ } � − − 1 8F^2 � λ^{PP}_1 {u_μ , P P } + 2λ^{PP}_2 P u_μ P � [λ_i, u^μ ], λ_j � −

– 18 –

− (λ^{SP}_1 )^2 F^2 � u^μ {P, λ_i} � λ^{SS}_1 {P, λ_j }u_μ + λ^{SS}_2 u_μ {P, λ_j } � + + λ̃PP_1

8F^2 � u_μ , {P P, λ_i} � [u^μ , λ_j ] � + λ̃PP_2

4F^2

⟨[u_μ , P λ_iP ][u^μ , λ_j ]⟩ − − λ̃PP_1

4F^2 � ∇^2P^2{λ_i, λ_j} � − λ̃PP_2

F^2 � λ_i∇_μ � ∇^μ P λ_jP � − − (λ^{SP}_1 )^2 2F^2

⟨{∇_μ P, λ_i}{∇^μ P, λ_j }⟩ + iλ^{SP}_2 8F^2 � {S, P } � λ_i, {χ_− , λ_j} � + + i λ^{SS}_3 λ^{SP}_1 2F^2 � S, {P, λ_i} � {χ_− , λ_j } � − c^2_dλ^{SP}_1 2F^4 � {P, λ_i} � u^μ , {∇_μ S, λ_j } � − − λ^{SS}_2 λ^{SP}_1 F^2 � ∇_μ � {P, λ_i} � λ_jSu^μ + u^μ Sλ_j � − λ^{SS}_1 λ^{SP}_1 2F^2 � {P, λ_i}∇_μ � S, {u^μ , λ_j } � + + λ^{SP}_1 8F^2 � [u^μ , λ_i] � λ_j, {∇_μ S, P } � + 2 � ∇^μ S, {P, λ_j } � − 2 � S, {∇^μ P, λ_j} � + + λ^{SP}_1 2F^2 � {u^μ , λ_i}

� c2_d

F^2 � P, {∇_μ S, λ_j} � − λ^{SS}_1 � S, {∇_μ P, λ_j } � + � i ↔ j � , (D.16)

a^S_{ij} = − i c_m 2 √ 2F � χ_− {λ_i, λ̂_j } � − 1 2 √ 2F � [∇^μ S, λ_i][u_μ , λ̂_j ] � − − 1 4 √ 2F � [S, λ_i][∇^μ u_μ , λ̂_j ] � + c^2_d √ 2F^3

⟨{u^μ , λ_i}{∇_μ S, λ_j }⟩ − − i λ^{SS}_3 2 √ 2F � {S, λ_i}{χ_− , λ̂_j } � − M^2_Sλ^{SP}_1 √ 2F � P {λ_i, λ̂_j } � + + λ^{SP}_2 2 √ 2F � {P, λ_i}{χ_+, λ̂_j } � + λ^{SP}_1 λ^{SS}_3 √ 2F � {χ_+, λ_i}{P, λ̂_j } � − − λ^{SP}_1 √ 2F � ∇^2P {λ_i, λ̂_j } � − λ^{SP}_1 4 √ 2F � {P, u^μ } � λ_i, [u_μ , λ̂_j ] � + + λ^{SP}_1 √ 2F � {P, λ̂_j } � λ^{SS}_1 {u_μ u^μ , λ_i} + 2λ^{SS}_2 u_μ λ_iu^μ � + + c_d √ 2F^3 � {u^μ , λ_i} � λ̃^{SS}_1 {∇_μ (SS), λ_j } + 2λ̃^{SS}_2 ∇_μ (Sλ_j S) � + + √ 2λ^{SS}_2 c_d F^3 � {∇^μ S, λ_j } � Su_μ λ_i + λ_iu_μ S � + λ^{SS}_1 c_d √ 2F^3 � {S, λ_i} � u_μ , {∇^μ S, λ_j } � + + c_d 4 √ 2F^3 � [S, λ_i] � u_μ , {∇^μ S, λ_j } � + + i c_m 2 √ 2F^3 � {χ_− , λ_i} � λ̃^{SS}_1 {SS, λ_j } + 2λ̃^{SS}_2 Sλ_j S � + + i c_m 2 √ 2F^3 � {χ_− , λ_i} � λ̃^{PP}_1 {P P, λ_j } + 2λ̃^{PP}_2 P λ_jP � + + c_d √ 2F^3 � {u^μ , λ_i} � λ̃^{PP}_1 {∇_μ (P P ), λ_j } + 2λ̃^{PP}_2 ∇_μ (P λ_jP ) � + + c_dλ^{SP}_1 √ 2F^3

⟨{∇_μ P, λ_i}{∇^μ S, λ_j }⟩ , (D.17)

– 19 – a^P_{ij} = d_m 2 √ 2F � χ_+{λ_i, λ̂_j} � + λ^{SP}_2 2 √ 2F � {S, λ_i}{χ_+, λ̂_j } � − − λ^{SP}_1 4 √ 2F � {u_μ , λ_i} � S, [u^μ , λ̂_j ] � − − 1 4 √ 2F � [P, λ_i][∇^μ u_μ , λ̂_j ] + 2[∇^μ P, λ_i][u_μ , λ̂_j ] � + + i λ^{SP}_1 √ 2F λ^{SP}_2 � {χ_− , λ_i}{P, λ̂_j } � − i λ^{PP}_3 2 √ 2F � {P, λ_i}{χ_− , λ̂_j } � + + (λ^{SP}_1 )^2 √ 2F � {u^μ , λ_i}{∇_μ P, λ̂_j } � + c_dλ^{SP}_1 √ 2F^3

⟨{∇_μ S, λ_i}{∇^μ S, λ_j }⟩ − − d_m 2 √ 2F^3 � {χ_+, λ_i} � λ̃^{SS}_1 {SS, λ_j } + 2λ̃^{SS}_2 S λ_j S + λ̃^{PP}_1 {P P, λ_j } + 2λ̃^{PP}_2 P λ_jP � − − c_d(λ^{SP}_1 )^2 √ 2F^3 � {u^μ , λ_i} � P, {∇_μ S, λ_j } � + c_d 4 √ 2F^3 � [P, λ_i] � u_μ , {∇^μ S, λ_j } � + + c_d √ 2F^3 � {∇^μ S, λ_j } � λ^{PP}_1 � u_μ , {P, λ_i} � + 2λ^{PP}_2 (P u_μ λ_i + λ_iu_μ P ) � , (D.18)

a^{SP}_{ij} = i λ^{SP}_2 2 ⟨χ_− {λ_i, λ_j }⟩ , (D.19)

b^{Sμ}_{ij} = − c_d √ 2F � u^μ {λ_i, λ̂_j} � − 1 4 √ 2F � [S, λ_i][u^μ , λ̂_j ] � − λ^{SS}_1 √ 2F � {S, λ_i}{u^μ , λ̂_j } � − − √ 2λ^{SS}_2 F � S � u^μ λ_iλ̂_j + λ̂_j λ_iu^μ � − λ^{SP}_1 √ 2F � ∇^μ P {λ_i, λ̂_j } � + (D.20) + c_d √ 2F^3 � {u^μ , λ_i} � λ̃^{SS}_1 {SS, λ_j } + 2λ̃^{SS}_2 Sλ_jS + λ̃^{PP}_1 {P P, λ_j } + 2λ̃^{PP}_2 P λ_jP � , b^{Pμ}_{ij} = − λ^{SP}_1 √ 2F � ∇^μ S{λ_i, λ̂_j } � − 1 4 √ 2F � [P, λ_i][u^μ , λ̂_j ] � − λ^{PP}_1 √ 2F � {P, λ_i}{u^μ , λ̂_j } � − − √ 2λ^{PP}_2 F � P � u^μ λ_iλ̂_j + λ̂_j λ_iu^μ � + (λ^{SP}_1 )^2 √ 2F � {u^μ , λ_i}{P, λ̂_j } � , (D.21)

b^{SPμ}_{ij} = λ^{SP}_1 2 ⟨u^μ {λ_i, λ_j }⟩ , (D.22)

and the following definitions have been used,

λ̂_i ≡ λ_i − c^d

F^2

{λ_i, S} , ∇_μ (A λ_i B) ≡ ∇_μ A λ_i B + A λ_i ∇_μ B , (D.23)

where A and B are any chiral tensor or resonance field.

As commented in the text we can write eq. (D.9) as:

ΔL_{RχT} = − 1 2 η (Σ_μ Σ^μ + Λ) η^⊤ , (D.24)

where η collects the fluctuation fields, η = � Δ_i, ε_{Sj} , ε_{Pk} � , i, j, k = 0, . . . , 8, η^⊤ is its transposed and Σ_μ and Λ are defined as:

(Σ_μ )_{ij} = δ_{ij} ∂_μ + (Y_μ )_{ij} , (D.25)

– 20 –

(Y_μ )_{ij} =

� � � � � � γ^′_μ^1_2 b^S_μ^{⊤ 1}_2 b^P_μ^⊤

−^1_2 b^S_μ γ_μ^1_2 b^{SP}_μ^⊤

−^1_2 b^P_μ −^1_2 b^{SP}_μ γ_μ

� � � � � � ij

, (D.26)

(Λ)_{ij} =

� � � � � � � � � � � � � � � � σ +^1_4 b^S_μ^⊤b^{S μ} −a^{S⊤} +^1_2d̃^μ_− b^S_μ^⊤ −a^{P⊤} +^1_2d̃^μ_− b^P_μ^⊤

+^1_4 b^P_μ^⊤b^{P μ} +^1_4 b^P_μ^⊤b^{SP μ} −^1_4 b^S_μ^⊤b^{SP μ ⊤}

−a^S +^1_2 d̄^μ_+b^S_μ k^S +^1_4 b^{S μ} b^S_μ^⊤ −a^{SP⊤} +^1_2d̂^μ b^{SP}_μ^⊤

+^1_4 b^{SP}_μ^⊤b^{P μ} +^1_4 b^{SP}_μ^⊤b^{SP μ} +^1_4 b^{S μ} b^P_μ^⊤

−a^P +^1_2d̄^μ_+b^P_μ −a^{SP} +^1_2d̂^μ b^{SP}_μ k^P +^1_4 b^{P μ} b^P_μ^⊤

−^1_4 b^{SP μ} b^S_μ +^1_4 b^{P μ} b^S_μ^⊤ +^1_4 b^{SP μ} b^{SP}_μ^⊤

� � � � � � � � � � � � � � � � ij

. (D.27)

Here some new expressions have been defined:

γ^μ = γ^μ � �_χ ,

γ^{′μ} = γ^μ � χ + γ^μ � R , d̂μ X = ∂^μ X + [γ^μ , X] , d̃μ_± X = d̂μ X ± �γ′μ − γ μ � X ,

d̄^μ_± X = d̂μ X ± X �γ′μ − γ μ � . (D.28)

E. Results: operators and coefficients of the β-function

In this appendix we collect part of our results. In table 1 we have written the operators that involve only Goldstone fields and/or external currents. The coefficients of the β-function are generated by full L_{RχT} , i.e. including both scalar and pseudoscalar resonances. They can be compared with the study of one-loop renormalization of U(3)_L ⊗ U(3)_R χPT up to O(p^4) in ref. [30]. The operators in this table constitute a minimal basis. If one wishes to disentangle the pseudoscalar contributions one has to cancel the corresponding resonance couplings and substitute N/16 → N/24 in γ_4, 0 → N/48 in γ_7, N/4 → N/6 in γ_{13}, −N/4 → −N/6 in γ_{14} and −N/8 → −N/12 in γ_{15}.

In tables 2, 3 we collect the operators involving one and two scalar resonances, respectively. The β-function coefficients are those obtained by considering Goldstone and scalar resonances only. The full result when pseudoscalar resonances are also introduced in the theory can be looked up at http://ific.uv.es/quiral/rt1loop.html or upon

– 21 – i O_i γ_i 1 ⟨u · u⟩ −2Nλ^{PP}_1 M^2_P + 1/2NM^2_P (λ^{SP}_1 )^2 − 2Nλ^{SS}_1 M^2_S + 1/2NM^2_S(λ^{SP}_1 )^2 + NF^{−2} c^2_dM^2_S 2 ⟨χ_+⟩ −2Nλ^{PP}_3 M^2_P − 2Nλ^{SS}_3 M^2_S 3 − ⟨u_μ ⟩^2 2λ^{PP}_2 M^2_P − 1/2M^2_P (λ^{SP}_1 )^2 + 2λ^{SS}_2 M^2_S − 1/2M^2_S(λ^{SP}_1 )^2 − c^2_dF^{−2} M^2_S 4 ⟨u_μ u_ν u^μ u^ν ⟩ 1/6NF^{−4} c^4_d − 1/12N(λ^{SP}_1 )^2 + 1/24N(λ^{SP}_1 )^4 + 1/16N + 1/6NF^{−2} c^2_d(λ^{SP}_1 )^2 − 1/6NF^{−2} c^2_d 5 ⟨u · u⟩^2 1/2F^{−4} c^4_d − 1/2λ^{PP}_1 (λ^{SP}_1 )^2 + (λ^{PP}_1 )^2 − 1/2λ^{SS}_1 (λ^{SP}_1 )^2 + (λ^{SS}_1 )^2 + 1/8(λ^{SP}_1 )^4 + 1/16 − F^{−2} c^2_dλ^{SS}_1 + 1/2F^{−2} c^2_d(λ^{SP}_1 )^2 − 1/4F^{−2} c^2_d 6 ⟨u_μ u_ν ⟩^2 F^{−4} c^4_d −λ^{PP}_2 (λ^{SP}_1 )^2 +2(λ^{PP}_2 )^2 −λ^{SS}_2 (λ^{SP}_1 )^2 +2(λ^{SS}_2 )^2 +1/4(λ^{SP}_1 )^4 + 1/8 − 2F^{−2} c^2_dλ^{SS}_2 + F^{−2} c^2_d(λ^{SP}_1 )^2 − 1/2F^{−2} c^2_d 7 ⟨u · uu · u⟩ 1/3NF^{−4} c^4_d − 1/2Nλ^{PP}_1 (λ^{SP}_1 )^2 + N(λ^{PP}_1 )^2 − 1/2Nλ^{SS}_1 (λ^{SP}_1 )^2 + N(λ^{SS}_1 )^2 + 1/12N(λ^{SP}_1 )^2 + 1/12N(λ^{SP}_1 )^4 − NF^{−2} c^2_dλ^{SS}_1 + 1/3NF^{−2} c^2_d(λ^{SP}_1 )^2 − 1/12NF^{−2} c^2_d 8 ⟨χ_+⟩ ⟨u · u⟩ F^{−4} c^3_dc_m + 2λ^{PP}_1 λ^{PP}_3 − 1/2λ^{PP}_3 (λ^{SP}_1 )^2 + 2λ^{SS}_1 λ^{SS}_3 − 1/2λ^{SS}_3 (λ^{SP}_1 )^2 + 1/8+F^{−2} d_mc_dλ^{SP}_1 +F^{−2} c_dc_m(λ^{SP}_1 )^2 −1/2F^{−2} c_dc_m −F^{−2} c^2_dλ^{SS}_3 − 1/4F^{−2} c^2_d 9 ⟨χ_+u · u⟩ NF^{−4} c^3_dc_m + 2Nλ^{PP}_1 λ^{PP}_3 − 1/2Nλ^{PP}_3 (λ^{SP}_1 )^2 + 2Nλ^{SS}_1 λ^{SS}_3 − 1/2Nλ^{SS}_3 (λ^{SP}_1 )^2 + 1/8N + NF^{−2} d_mc_dλ^{SP}_1 + NF^{−2} c_dc_m(λ^{SP}_1 )^2 − 1/2NF^{−2} c_dc_m − NF^{−2} c^2_dλ^{SS}_3 − 1/4NF^{−2} c^2_d 10 ⟨χ_+⟩^2 F^{−4} c^2_dc^2_m + (λ^{PP}_3 )^2 + (λ^{SS}_3 )^2 + 1/16 + 2F^{−2} d_mc_mλ^{SP}_1 + F^{−2} d^2_m − 1/2F^{−2} c_dc_m + F^{−2} c^2_m(λ^{SP}_1 )^2 11 ⟨χ_− ⟩^2 λ^{SP}_1 λ^{SP}_2 − 1/8(λ^{SP}_1 )^2 − 2(λ^{SP}_2 )^2 + F^{−2} d_mc_dλ^{SP}_1 − 2F^{−2} d_mc_mλ^{SP}_1 − F^{−2} d^2_m(λ^{SP}_1 )^2 + F^{−2} c_dc_m − 1/4F^{−2} c^2_d − F^{−2} c^2_m 12 1/2 � χ^2_+ + χ^2_− � NF^{−4} c^2_dc^2_m + N(λ^{PP}_3 )^2 + N(λ^{SS}_3 )^2 + 1/16N + NF^{−2} d^2_m + 1/2NF^{−2} c_dc_m + NF^{−2} c^2_m(λ^{SP}_1 )^2 + Nλ^{SP}_1 λ^{SP}_2 − 1/8N(λ^{SP}_1 )^2 − 2N(λ^{SP}_2 )^2 + NF^{−2} d_mc_dλ^{SP}_1 − NF^{−2} d^2_m(λ^{SP}_1 )^2 − 1/4NF^{−2} c^2_d − NF^{−2} c^2_m 13 −i � f^{μν}_+ u_μ u_ν � −1/6N(λ^{SP}_1 )^2 + 1/4N − 1/3NF^{−2} c^2_d 14 1/4 � f^{+ 2}_{μν} − f^{− 2}_{μν} � −1/4N + 1/6N(λ^{SP}_1 )^2 + 1/3NF^{−2} c^2_d 15 1/2 � f^{+ 2}_{μν} + f^{− 2}_{μν} � −1/8N − 1/12N(λ^{SP}_1 )^2 − 1/6NF^{−2} c^2_d 16 1/4 � χ^2_+ − χ^2_− � 2NF^{−4} c^2_dc^2_m +2N(λ^{PP}_3 )^2 +2N(λ^{SS}_3 )^2 +1/8N +8F^{−2} Nd_mc_mλ^{SP}_1 + 2NF^{−2} d^2_m − 3NF^{−2} c_dc_m + 2NF^{−2} c^2_m(λ^{SP}_1 )^2 − 2Nλ^{SP}_1 λ^{SP}_2 + 1/4N(λ^{SP}_1 )^2 + 4N(λ^{SP}_2 )^2 − 2NF^{−2} d_mc_dλ^{SP}_1 + 2NF^{−2} d^2_m(λ^{SP}_1 )^2 + 1/2NF^{−2} c^2_d + 2NF^{−2} c^2_m 17 − ⟨u_μ ⟩ ⟨u^μ u · u⟩ −4λ^{PP}_1 λ^{PP}_2 + λ^{PP}_1 (λ^{SP}_1 )^2 + λ^{PP}_2 (λ^{SP}_1 )^2 − 4λ^{SS}_1 λ^{SS}_2 + λ^{SS}_1 (λ^{SP}_1 )^2 + λ^{SS}_2 (λ^{SP}_1 )^2 − 1/2(λ^{SP}_1 )^4 + 1/4 + 2F^{−2} c^2_dλ^{SS}_1 + 2F^{−2} c^2_dλ^{SS}_2 − F^{−2} c^2_d 18 ⟨u_μ ⟩ ⟨u^μ χ_+⟩ −2F^{−4} c^3_dc_m + 4λ^{PP}_2 λ^{PP}_3 − λ^{PP}_3 (λ^{SP}_1 )^2 + 4λ^{SS}_2 λ^{SS}_3 − λ^{SS}_3 (λ^{SP}_1 )^2 − 1/4−2F^{−2} d_mc_dλ^{SP}_1 −2F^{−2} c_dc_m(λ^{SP}_1 )^2 +F^{−2} c_dc_m −2F^{−2} c^2_dλ^{SS}_3 + 1/2F^{−2} c^2_d

Table 1: Operators involving only Goldstone bosons and external currents and their β-function coefficients at one loop, when both scalar and pseudoscalar resonances are included.

request from the authors. We would like to emphasize that the basis of operators has been simplified by the use of the EOM in appendix B but possible U(3) algebraic relations have not been employed. Accordingly our basis is not necessarily minimal. In the tables N is the number of flavours and u · u ≡ u_μ u^μ .

– 22 – i O^S_i γ^S_i 1 ⟨S u · u⟩ −3 N F^{−4} c^3_d M^2_S + 2 N F^{−2} c_d λ^{SS}_1 M^2_S + 4 N F^{−2} c_d λ^{SS}_2 M^2_S 2 ⟨S⟩ ⟨u · u⟩ −3 F^{−4} c^3_d M^2_S + 2 F^{−2} c_d λ^{SS}_1 M^2_S + F^{−2} c_d M^2_S 3 ⟨u^μ ⟩ ⟨u_μ S⟩ −2 F^{−4} c^3_d M^2_S + 4 F^{−2} c_d λ^{SS}_1 M^2_S + 4 F^{−2} c_d λ^{SS}_2 M^2_S − F^{−2} c_d M^2_S 4 ⟨S χ_+⟩ −2 N F^{−4} c^2_d c_m M^2_S + 1/2 N F^{−2} c_d M^2_S 5 ⟨S⟩ ⟨χ_+⟩ −2 F^{−4} c^2_d c_m M^2_S + 1/2 F^{−2} c_d M^2_S 6 ⟨S u_μ u_ν u^μ u^ν ⟩ −2/3 N F^{−6} c^5_d + 2/3 N F^{−4} c^3_d λ^{SS}_1 + 4/3 N F^{−4} c^3_d λ^{SS}_2 + 1/6 N F^{−4} c^3_d − 1/3 N F^{−2} c_d λ^{SS}_1 − 2/3 N F^{−2} c_d λ^{SS}_2 + 1/12 N F^{−2} c_d 7 ⟨S u · u u · u⟩ 10/3 N F^{−6} c^5_d + 2/3 N F^{−4} c^3_d λ^{SS}_1 − 8/3 N F^{−4} c^3_d λ^{SS}_2 + 1/6 N F^{−4} c^3_d − 4/3 N F^{−2} c_d λ^{SS}_1 − 2 N F^{−2} c_d (λ^{SS}_1 )^2 + 4/3 N F^{−2} c_d λ^{SS}_2 − 1/24 N F^{−2} c_d 8 ⟨u_ν Su^ν u · u⟩ −2/3 N F^{−6} c^5_d + 2/3 N F^{−4} c^3_d λ^{SS}_1 + 10/3 N F^{−4} c^3_d λ^{SS}_2 − 1/3 N F^{−4} c^3_d − 4 N F^{−2} c_d λ^{SS}_1 λ^{SS}_2 + 2/3 N F^{−2} c_d λ^{SS}_1 − 2/3 N F^{−2} c_d λ^{SS}_2 + 1/12 N F^{−2} c_d 9 ⟨S⟩ ⟨u · u u · u⟩ 8/3 F^{−6} c^5_d + 4/3 F^{−4} c^3_d λ^{SS}_1 − 2 F^{−4} c^3_d λ^{SS}_2 + 1/2 F^{−4} c^3_d + 1/3 F^{−2} c_d λ^{SS}_1 − 2 F^{−2} c_d (λ^{SS}_1 )^2 − F^{−2} c_d λ^{SS}_2 − 1/24 F^{−2} c_d 10 ⟨u^μ ⟩ ⟨u_μ {S, u · u}⟩ 4/3 F^{−6} c^5_d − 4/3 F^{−4} c^3_d λ^{SS}_1 + 2 F^{−4} c^3_d λ^{SS}_2 − 3/2 F^{−4} c^3_d − 4F^{−2} c_d λ^{SS}_1 λ^{SS}_2 + 8/3F^{−2} c_d λ^{SS}_1 − 2F^{−2} c_d (λ^{SS}_1 )^2 + 1/24F^{−2} c_d 11 ⟨u^μ S⟩ ⟨u_μ u · u⟩ 8 F^{−4} c^3_d λ^{SS}_1 − 2 F^{−4} c^3_d − 8 F^{−2} c_d λ^{SS}_1 λ^{SS}_2 − 4 F^{−2} c_d (λ^{SS}_1 )^2 + 2 F^{−2} c_d λ^{SS}_2 + 1/4 F^{−2} c_d 12 ⟨S⟩ ⟨u_μ u_ν u^μ u^ν ⟩ −2/3 F^{−6} c^5_d + 2/3 F^{−4} c^3_d λ^{SS}_1 + 1/2 F^{−4} c^3_d − 1/3 F^{−2} c_d λ^{SS}_1 − 1/12 F^{−2} c_d 13 ⟨S u_ν u^μ u^ν ⟩ ⟨u_μ ⟩ −8/3 F^{−6} c^5_d + 8/3 F^{−4} c^3_d λ^{SS}_1 + 4 F^{−4} c^3_d λ^{SS}_2 + F^{−4} c^3_d − 4/3 F^{−2} c_d λ^{SS}_1 + 2 F^{−2} c_d λ^{SS}_2 − 8 F^{−2} c_d (λ^{SS}_2 )^2 − 1/3 F^{−2} c_d 14 ⟨S u^μ u^ν ⟩ ⟨u_μ u_ν ⟩ −8 F^{−6} c^5_d + 8 F^{−4} c^3_d λ^{SS}_1 + 16 F^{−4} c^3_d λ^{SS}_2 + 2 F^{−4} c^3_d − 8 F^{−2} c_d λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} c_d λ^{SS}_1 − 2 F^{−2} c_d λ^{SS}_2 − 8 F^{−2} c_d (λ^{SS}_2 )^2 15 ⟨S u · u⟩ ⟨u · u⟩ 4 F^{−6} c^5_d + 4 F^{−4} c^3_d λ^{SS}_1 + F^{−4} c^3_d − 4 F^{−2} c_d λ^{SS}_1 λ^{SS}_2 − F^{−2} c_d λ^{SS}_1 − 4 F^{−2} c_d (λ^{SS}_1 )^2 − F^{−2} c_d λ^{SS}_2 16 i � u_μ f^{μν}_+ u_ν S � 1/3 N F^{−4} c^3_d − 1/3 N F^{−2} c_d λ^{SS}_1 − 2/3 N F^{−2} c_d λ^{SS}_2 + 1/12 N F^{−2} c_d 17 i � {S, u_μ u_ν } f^{μν}_+ � −1/6 N F^{−4} c^3_d + 1/6 N F^{−2} c_d λ^{SS}_1 + 1/3 N F^{−2} c_d λ^{SS}_2 − 1/24 N F^{−2} c_d 18 i ⟨u_μ ⟩ � f^{μν}_+ [S, u_ν ] � −1/3 F^{−4} c^3_d + 1/3 F^{−2} c_d λ^{SS}_1 + 1/12 F^{−2} c_d 19 i ⟨S⟩ � f^{μν}_+ u_μ u_ν � −2/3 F^{−4} c^3_d + 2/3 F^{−2} c_d λ^{SS}_1 + 1/6 F^{−2} c_d 20 � f^{μν}_− {u_μ , ∇_ν S} � 1/3 N F^{−4} c^3_d − 1/3 N F^{−2} c_d λ^{SS}_1 − 2/3 N F^{−2} c_d λ^{SS}_2 + 1/12 N F^{−2} c_d 21 ⟨u_μ ⟩ � f^{μν}_− ∇_ν S � 2/3 F^{−4} c^3_d − 2/3 F^{−2} c_d λ^{SS}_1 − 1/6 F^{−2} c_d 22 � u_μ f^{μν}_− � ⟨∇_ν S⟩ 2/3 F^{−4} c^3_d − 2/3 F^{−2} c_d λ^{SS}_1 − 1/6 F^{−2} c_d 23 � S f^{μν}_− f_{− μν} � 1/3 N F^{−4} c^3_d − 1/3 N F^{−2} c_d λ^{SS}_1 − 2/3 N F^{−2} c_d λ^{SS}_2 + 1/12 N F^{−2} c_d 24 ⟨S⟩ � f^{μν}_− f_{− μν} � 1/3 F^{−4} c^3_d − 1/3 F^{−2} c_d λ^{SS}_1 − 1/12 F^{−2} c_d

Table 2: (continued)

– 23 –

25 ⟨S {χ_+, u · u}⟩ 2 N F^{−6} c^4_d c_m + N F^{−4} c^2_d c_m λ^{SS}_1 − 2 N F^{−4} c^2_d c_m λ^{SS}_2 + 1/4 N F^{−4} c^2_d c_m + N F^{−4} c^3_d λ^{SS}_3 + 1/2 N F^{−4} c^3_d − N F^{−2} c_d λ^{SS}_1 λ^{SS}_3 − N F^{−2} c_d λ^{SS}_1 + 1/2 N F^{−2} c_d λ^{SS}_2 − 1/4 N F^{−2} c_d λ^{SS}_3 − 1/8 N F^{−2} c_d − 1/2 N F^{−2} c_m λ^{SS}_1 + 1/8 N F^{−2} c_m 26 ⟨u_ν Su^ν χ_+⟩ −2 N F^{−4} c^2_d c_m λ^{SS}_1 + 4 N F^{−4} c^2_d c_m λ^{SS}_2 − 1/2 N F^{−4} c^2_d c_m + 2 N F^{−4} c^3_d λ^{SS}_3 + 1/2 N F^{−2} c_d λ^{SS}_1 − 4 N F^{−2} c_d λ^{SS}_2 λ^{SS}_3 − N F^{−2} c_d λ^{SS}_2 + 1/8 N F^{−2} c_d 27 ⟨S u · u⟩ ⟨χ_+⟩ 4 F^{−6} c^4_d c_m + 2 F^{−4} c^2_d c_m λ^{SS}_1 − 2 F^{−4} c^2_d c_m λ^{SS}_2 + 2 F^{−4} c^3_d λ^{SS}_3 + F^{−4} c^3_d − 2 F^{−2} c_d λ^{SS}_1 λ^{SS}_3 − 3/2 F^{−2} c_d λ^{SS}_1 − 4 F^{−2} c_d λ^{SS}_2 λ^{SS}_3 + 1/2 F^{−2} c_d λ^{SS}_3 − 1/8 F^{−2} c_d − F^{−2} c_m λ^{SS}_2 + 1/4 F^{−2} c_m 28 ⟨S χ_+⟩ ⟨u · u⟩ 4 F^{−6} c^4_d c_m −4 F^{−4} c^2_d c_m λ^{SS}_1 +F^{−4} c^2_d c_m +4 F^{−4} c^3_d λ^{SS}_3 +F^{−4} c^3_d − 2 F^{−2} c_d λ^{SS}_1 λ^{SS}_3 + 1/2 F^{−2} c_d λ^{SS}_1 − F^{−2} c_d λ^{SS}_2 − 3/2 F^{−2} c_d λ^{SS}_3 − 3/8 F^{−2} c_d − F^{−2} c_m λ^{SS}_1 + 1/4 F^{−2} c_m 29 ⟨u^μ ⟩ ⟨u_μ {S, χ_+}⟩ 4 F^{−6} c^4_d c_m − 4 F^{−4} c^2_d c_m λ^{SS}_1 − 2 F^{−4} c^2_d c_m λ^{SS}_2 − 1/2 F^{−4} c^2_d c_m − F^{−4} c^3_d − 2 F^{−2} c_d λ^{SS}_1 λ^{SS}_3 + 1/2 F^{−2} c_d λ^{SS}_1 − 2 F^{−2} c_d λ^{SS}_2 λ^{SS}_3 + 1/2 F^{−2} c_d λ^{SS}_2 +c_d F^{−2} λ^{SS}_3 +1/4 F^{−2} c_d+F^{−2} c_m λ^{SS}_1 −1/4 F^{−2} c_m 30 ⟨u^μ S⟩ ⟨u_μ χ_+⟩ 8 F^{−6} c^4_d c_m − 4 F^{−4} c^2_d c_m λ^{SS}_1 − 8 F^{−4} c^2_d c_m λ^{SS}_2 − F^{−4} c^2_d c_m + 4 F^{−4} c^3_d λ^{SS}_3 − 2 F^{−4} c^3_d − 4 F^{−2} c_d λ^{SS}_1 λ^{SS}_3 + F^{−2} c_d λ^{SS}_1 − 4 F^{−2} c_d λ^{SS}_2 λ^{SS}_3 + F^{−2} c_d λ^{SS}_2 + 1/2 F^{−2} c_d + 2 F^{−2} c_m λ^{SS}_2 − 1/2 F^{−2} c_m 31 ⟨S⟩ ⟨χ_+ u · u⟩ 4 F^{−6} c^4_d c_m − 2 F^{−4} c^2_d c_m λ^{SS}_1 − 2 F^{−4} c^2_d c_m λ^{SS}_2 + F^{−4} c^2_d c_m + 2 F^{−4} c^3_d λ^{SS}_3 + F^{−4} c^3_d − 2 F^{−2} c_d λ^{SS}_1 λ^{SS}_3 + 1/2 F^{−2} c_d λ^{SS}_1 − F^{−2} c_d λ^{SS}_2 −1/2 F^{−2} c_d λ^{SS}_3 −3/8 F^{−2} c_d−F^{−2} c_m λ^{SS}_2 +1/4 F^{−2} c_m 32 i ⟨χ_− {u^μ , ∇_μ S}⟩ 3 N F^{−4} c^2_d c_m −3/2 N F^{−4} c^3_d +1/2 N F^{−2} c_d λ^{SS}_1 +N F^{−2} c_d λ^{SS}_2 + 3/8 N F^{−2} c_d − N F^{−2} c_m λ^{SS}_1 − 2 N F^{−2} c_m λ^{SS}_2 − 3/4 N F^{−2} c_m 33 i ⟨u^μ χ_− ⟩ ⟨∇_μ S⟩ −2 F^{−4} c^2_d c_m + F^{−4} c^3_d + F^{−2} c_d λ^{SS}_1 − 3/4 F^{−2} c_d − 2 F^{−2} c_m λ^{SS}_1 + 3/2F^{−2} c_m 34 i ⟨χ_− ⟩ ⟨u^μ ∇_μ S⟩ 6 F^{−4} c^2_d c_m − 3 F^{−4} c^3_d + F^{−2} c_d λ^{SS}_1 + 2 F^{−2} c_d λ^{SS}_2 + 3/4 F^{−2} c_d − 2 F^{−2} c_m λ^{SS}_1 − 4 F^{−2} c_m λ^{SS}_2 − 3/2 F^{−2} c_m 35 i ⟨χ_− ∇_μ S⟩ ⟨u^μ ⟩ −2 F^{−4} c^2_d c_m + F^{−4} c^3_d + F^{−2} c_d λ^{SS}_1 − 3/4 F^{−2} c_d − 2 F^{−2} c_m λ^{SS}_1 + 3/2 F^{−2} c_m 36 ⟨S χ_+ χ_+⟩ −N F^{−4} c_d c^2_m + 4 N F^{−4} c^2_d c_m λ^{SS}_3 + 2 N F^{−4} c^2_d c_m − N F^{−2} c_d λ^{SS}_3 − 1/4 N F^{−2} c_d − N F^{−2} c_m λ^{SS}_1 + 1/4 N F^{−2} c_m 37 ⟨S⟩ ⟨χ_+ χ_+⟩ −F^{−4} c_d c^2_m + 2 F^{−4} c^2_d c_m − 1/4 F^{−2} c_d − F^{−2} c_m λ^{SS}_2 + 1/4 F^{−2} c_m 38 ⟨S χ_+⟩ ⟨χ_+⟩ −2 F^{−4} c_d c^2_m + 4 F^{−4} c^2_d c_m λ^{SS}_3 + 4 F^{−4} c^2_d c_m − F^{−2} c_d λ^{SS}_3 − 1/2 F^{−2} c_d − F^{−2} c_m λ^{SS}_1 − F^{−2} c_m λ^{SS}_2 + 1/2 F^{−2} c_m 39 ⟨S χ_− χ_− ⟩ 6 N F^{−4} c_d c^2_m −8 N F^{−4} c^2_d c_m +5/2 N F^{−4} c^3_d −1/2 N F^{−2} c_d λ^{SS}_1 − N F^{−2} c_d λ^{SS}_2 + N F^{−2} c_d λ^{SS}_3 − 1/8 N F^{−2} c_d + N F^{−2} c_m λ^{SS}_1 + 2 F^{−2} N c_m λ^{SS}_2 − 2 N F^{−2} c_m λ^{SS}_3 + 1/4 N F^{−2} c_m 40 ⟨S⟩ ⟨χ_− χ_− ⟩ 2 F^{−4} c_d c^2_m − 2 F^{−4} c^2_d c_m + 1/2 F^{−4} c^3_d − 1/2 F^{−2} c_d λ^{SS}_1 + F^{−2} c_d λ^{SS}_3 +1/8 F^{−2} c_d +F^{−2} c_m λ^{SS}_1 −2 F^{−2} c_m λ^{SS}_3 −1/4 F^{−2} c_m 41 ⟨S χ_− ⟩ ⟨χ_− ⟩ 8 F^{−4} c_d c^2_m − 10 F^{−4} c^2_d c_m + 3 F^{−4} c^3_d − F^{−2} c_d λ^{SS}_1 − F^{−2} c_d λ^{SS}_2 + 2 F^{−2} c_d λ^{SS}_3 + 2 F^{−2} c_m λ^{SS}_1 + 2 F^{−2} c_m λ^{SS}_2 − 4 F^{−2} c_m λ^{SS}_3 Table 2: Operators with one scalar resonance and their β-function coefficients when only scalar resonances are included.

– 24 – i O^{SS}_i γ^{SS}_i 1 ⟨SS⟩ N F^{−4} c^2_d M^4_S 2 ⟨S⟩^2 F^{−4} c^2_d M^4_S 3 ⟨SS u · u⟩ −4 N F^{−4} c^2_d λ^{SS}_1 M^2_S − 4 N F^{−4} c^2_d λ^{SS}_2 M^2_S − N F^{−4} c^2_d M^2_S + 1/2 N F^{−2} λ^{SS}_1 M^2_S + N F^{−2} (λ^{SS}_1 )^2 M^2_S + 4 N F^{−2} (λ^{SS}_2 )^2 M^2_S + 1/16 N F^{−2} M^2_S 4 ⟨u_ν Su^ν S⟩ −2 N F^{−4} c^2_d λ^{SS}_1 M^2_S − 4 N F^{−4} c^2_d λ^{SS}_2 M^2_S + 3/2 N F^{−4} c^2_d M^2_S +4 N F^{−2} λ^{SS}_1 λ^{SS}_2 M^2_S −N F^{−2} λ^{SS}_2 M^2_S 5 ⟨u^μ ⟩ ⟨u_μ SS⟩ −4 F^{−4} c^2_d λ^{SS}_1 M^2_S − 4 F^{−4} c^2_d λ^{SS}_2 M^2_S + 2 F^{−4} c^2_d M^2_S + 4 F^{−2} λ^{SS}_1 λ^{SS}_2 M^2_S − 2 F^{−2} λ^{SS}_1 M^2_S + 2 F^{−2} (λ^{SS}_1 )^2 M^2_S + F^{−2} λ^{SS}_2 M^2_S − 1/8 F^{−2} M^2_S 6 ⟨u^μ S⟩^2 −4 F^{−4} c^2_d λ^{SS}_1 M^2_S − 4 F^{−4} c^2_d λ^{SS}_2 M^2_S + 2 F^{−4} c^2_d M^2_S + 4 F^{−2} λ^{SS}_1 λ^{SS}_2 M^2_S + 2 F^{−2} (λ^{SS}_1 )^2 M^2_S − 3 F^{−2} λ^{SS}_2 M^2_S + 4 F^{−2} (λ^{SS}_2 )^2 M^2_S + 1/8 F^{−2} M^2_S 7 ⟨S⟩ ⟨S u · u⟩ −8 F^{−4} c^2_d λ^{SS}_1 M^2_S − 8 F^{−4} c^2_d λ^{SS}_2 M^2_S − 2 F^{−4} c^2_d M^2_S + 4 F^{−2} λ^{SS}_1 λ^{SS}_2 M^2_S + 2 F^{−2} (λ^{SS}_1 )^2 M^2_S + 3 F^{−2} λ^{SS}_2 M^2_S − 1/8 F^{−2} M^2_S 8 ⟨SS⟩ ⟨u · u⟩ −2 F^{−4} c^2_d λ^{SS}_1 M^2_S − 5/2 F^{−4} c^2_d M^2_S + 3/2 F^{−2} λ^{SS}_1 M^2_S + F^{−2} (λ^{SS}_1 )^2 M^2_S + 1/16 F^{−2} M^2_S 9 ⟨SS χ_+⟩ N F^{−4} c_d c_m M^2_S −4 N F^{−4} c^2_d λ^{SS}_3 M^2_S −2 N F^{−4} c^2_d M^2_S + N F^{−2} λ^{SS}_1 M^2_S 10 ⟨S⟩ ⟨S χ_+⟩ 2 F^{−4} c_d c_m M^2_S − 4 F^{−4} c^2_d λ^{SS}_3 M^2_S − 4 F^{−4} c^2_d M^2_S + 2 F^{−2} λ^{SS}_2 M^2_S 11 ⟨SS⟩ ⟨χ_+⟩ F^{−4} c_d c_m M^2_S − 2 F^{−4} c^2_d M^2_S + F^{−2} λ^{SS}_1 M^2_S 12 ⟨u^μ u^ν S u_μ u_ν S⟩ 2/3 N F^{−8} c^6_d − 8/3 N F^{−6} c^4_d λ^{SS}_2 − 1/3 N F^{−4} c^2_d λ^{SS}_1 + 2/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 + 1/3 N F^{−4} c^2_d λ^{SS}_2 + 8/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 −1/24 N F^{−4} c^2_d +1/24 N F^{−2} λ^{SS}_1 − 1/12 N F^{−2} (λ^{SS}_1 )^2 − 1/3 N F^{−2} (λ^{SS}_2 )^2 + 1/64 NF^{−2} 13 ⟨S u_μ S u_ν u^μ u^ν ⟩ −8/3 N F^{−6} c^4_d λ^{SS}_1 +2/3 N F^{−6} c^4_d+4 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 2/3 N F^{−4} c^2_d λ^{SS}_1 − N F^{−4} c^2_d λ^{SS}_2 − 1/6 N F^{−4} c^2_d − 2/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/6 F^{−2} N λ^{SS}_2 14 ⟨S u · u S u · u⟩ 2/3 N F^{−8} c^6_d + 4 N F^{−6} c^4_d λ^{SS}_1 − 8/3 N F^{−6} c^4_d λ^{SS}_2 − 4 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 2/3 N F^{−4} c^2_d λ^{SS}_1 + 2/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 − N F^{−4} c^2_d λ^{SS}_2 + 8/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 −1/12 N F^{−4} c^2_d −1/16 N F^{−2} λ^{SS}_1 − 1/2 N F^{−2} (λ^{SS}_1 )^2 − N F^{−2} (λ^{SS}_1 )^3 + N F^{−2} (λ^{SS}_2 )^2 15 ⟨SS u_μ u_ν u^μ u^ν ⟩ 4/3 N F^{−8} c^6_d − 2/3 N F^{−6} c^4_d λ^{SS}_1 − 8/3 N F^{−6} c^4_d λ^{SS}_2 − 2/3 N F^{−6} c^4_d +1/6 N F^{−4} c^2_d λ^{SS}_1 +1/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 + N F^{−4} c^2_d λ^{SS}_2 + 4/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 + 5/48 N F^{−4} c^2_d + 1/24 N F^{−2} λ^{SS}_1 − 1/12 N F^{−2} (λ^{SS}_1 )^2 − 1/3 N F^{−2} (λ^{SS}_2 )^2 − 5/192 NF^{−2} 16 ⟨SS u · u u · u⟩ 4/3 N F^{−8} c^6_d + 10/3 N F^{−6} c^4_d λ^{SS}_1 − 8/3 N F^{−6} c^4_d λ^{SS}_2 + 4/3 N F^{−6} c^4_d − 4 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 1/6 N F^{−4} c^2_d λ^{SS}_1 + 1/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 − 5/3 N F^{−4} c^2_d λ^{SS}_2 + 4/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 +7/48 N F^{−4} c^2_d −1/24 N F^{−2} λ^{SS}_1 − 11/12 N F^{−2} (λ^{SS}_1 )^2 + 1/3 N F^{−2} (λ^{SS}_2 )^2 + 1/192 N F^{−2} Table 3: (continued)

– 25 –

17 ⟨u_ν Su^ν {S, u · u}⟩ −8/3 N F^{−6} c^4_d λ^{SS}_1 + 4 N F^{−6} c^4_d λ^{SS}_2 − 1/3 N F^{−6} c^4_d + 6 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 11/6 N F^{−4} c^2_d λ^{SS}_1 + 3/2 N F^{−4} c^2_d λ^{SS}_2 − 4 N F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/24 N F^{−4} c^2_d + 1/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 N F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 1/24 N F^{−2} λ^{SS}_2 18 ⟨u_μ Su^μ u_ν Su^ν ⟩ 2/3 N F^{−8} c^6_d − 8/3 N F^{−6} c^4_d λ^{SS}_2 − 4 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 2/3 N F^{−4} c^2_d λ^{SS}_1 + 2/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 − 4/3 N F^{−4} c^2_d λ^{SS}_2 + 20/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 + 1/8 N F^{−4} c^2_d − 1/24 N F^{−2} λ^{SS}_1 + 1/12 N F^{−2} (λ^{SS}_1 )^2 + 1/3 N F^{−2} (λ^{SS}_2 )^2 − 1/64 N F^{−2} 19 ⟨u_ν SSu^ν u · u⟩ 4/3 N F^{−8} c^6_d − 14/3 N F^{−6} c^4_d λ^{SS}_1 − 8/3 N F^{−6} c^4_d λ^{SS}_2 + 1/3 N F^{−6} c^4_d + 8 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 1/6 N F^{−4} c^2_d λ^{SS}_1 + 7/3 N F^{−4} c^2_d (λ^{SS}_1 )^2 − 1/3 N F^{−4} c^2_d λ^{SS}_2 + 4/3 N F^{−4} c^2_d (λ^{SS}_2 )^2 − 3/16 N F^{−4} c^2_d − 4 N F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 + 1/8 N F^{−2} λ^{SS}_1 + 1/4 N F^{−2} (λ^{SS}_1 )^2 − 5/192 N F^{−2} 20 ⟨u^μ ⟩ ⟨u_μ {SS, u · u}⟩ 1/24F^{−2} + 16/3 F^{−8} c^6_d − 16/3 F^{−6} c^4_d λ^{SS}_1 − 8 F^{−6} c^4_d λ^{SS}_2 + 1/3 F^{−6} c^4_d + 14/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 11/6 F^{−4} c^2_d λ^{SS}_1 + 4/3 F^{−4} c^2_d (λ^{SS}_1 )^2 + 1/3 F^{−4} c^2_d λ^{SS}_2 + 8/3 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/6 F^{−4} c^2_d − 1/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 4/3 F^{−2} (λ^{SS}_1 )^2 + 1/24 F^{−2} λ^{SS}_2 21 ⟨u^μ ⟩ ⟨u_μ {u_ν Su^ν , S}⟩ 8/3 F^{−8} c^6_d − 8 F^{−6} c^4_d λ^{SS}_1 − 2/3 F^{−6} c^4_d + 16/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 4/3 F^{−4} c^2_d λ^{SS}_1 + 8/3 F^{−4} c^2_d (λ^{SS}_1 )^2 − 2 F^{−4} c^2_d λ^{SS}_2 + 4/3 F^{−4} c^2_d (λ^{SS}_2 )^2 + 1/4 F^{−4} c^2_d + F^{−2} λ^{SS}_1 λ^{SS}_2 − 4 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − 1/4 F^{−2} λ^{SS}_2 + F^{−2} (λ^{SS}_2 )^2 22 ⟨u^μ S⟩ ⟨u_μ {S, u · u}⟩ −1/12F^{−2} + 16 F^{−8} c^6_d − 64/3 F^{−6} c^4_d λ^{SS}_1 − 80/3 F^{−6} c^4_d λ^{SS}_2 + 8/3 F^{−6} c^4_d + 24 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 14/3 F^{−4} c^2_d λ^{SS}_1 + 12 F^{−4} c^2_d (λ^{SS}_1 )^2 − 8/3 F^{−4} c^2_d λ^{SS}_2 + 8 F^{−4} c^2_d (λ^{SS}_2 )^2 − 7/12 F^{−4} c^2_d + 3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 4 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − 1/24 F^{−2} λ^{SS}_1 − 6 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 2/3 F^{−2} (λ^{SS}_1 )^2−2 F^{−2} (λ^{SS}_1 )^3+5/8 F^{−2} λ^{SS}_2 +F^{−2} (λ^{SS}_2 )^2 23 ⟨u^μ S u^ν S⟩ ⟨u_μ u_ν ⟩ 16/3 F^{−8} c^6_d − 16 F^{−6} c^4_d λ^{SS}_1 − 32/3 F^{−6} c^4_d λ^{SS}_2 + 4/3 F^{−6} c^4_d + 64/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 2 F^{−4} c^2_d λ^{SS}_1 + 16/3 F^{−4} c^2_d (λ^{SS}_1 )^2−4/3 F^{−4} c^2_d λ^{SS}_2 +8/3 F^{−4} c^2_d (λ^{SS}_2 )^2− 2/3 F^{−4} c^2_d − 2 F^{−2} λ^{SS}_1 λ^{SS}_2 − 4 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 3/4 F^{−2} λ^{SS}_2 24 ⟨u^μ SS⟩ ⟨u_μ u · u⟩ 3/16F^{−2} + 24 F^{−8} c^6_d − 48 F^{−6} c^4_d λ^{SS}_1 − 24 F^{−6} c^4_d λ^{SS}_2 + 32 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 24 F^{−4} c^2_d (λ^{SS}_1 )^2 − 1/2 F^{−4} c^2_d − F^{−2} λ^{SS}_1 λ^{SS}_2 + 3/8 F^{−2} λ^{SS}_1 − 6 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 − 2 F^{−2} (λ^{SS}_1 )^3 − 3/8 F^{−2} λ^{SS}_2 25 ⟨S⟩ ⟨S u_μ u_ν u^μ u^ν ⟩ 1/48F^{−2} + 4 F^{−8} c^6_d − 16/3 F^{−6} c^4_d λ^{SS}_1 − 20/3 F^{−6} c^4_d λ^{SS}_2 − 4/3 F^{−6} c^4_d + 4 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 4/3 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d (λ^{SS}_1 )^2 + 3 F^{−4} c^2_d λ^{SS}_2 − 1/8 F^{−4} c^2_d − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 − 1/6 F^{−2} λ^{SS}_2 Table 3: (continued)

– 26 –

26 ⟨S⟩ ⟨S u · u u · u⟩ −1/96F^{−2} + 4 F^{−8} c^6_d + 8/3 F^{−6} c^4_d λ^{SS}_1 − 20/3 F^{−6} c^4_d λ^{SS}_2 + 14/3 F^{−6} c^4_d + 1/3 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d (λ^{SS}_1 )^2 − 6 F^{−4} c^2_d λ^{SS}_2 + 1/8 F^{−4} c^2_d − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/8 F^{−2} λ^{SS}_1 + 1/6 F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} (λ^{SS}_1 )^3 − 1/6 F^{−2} λ^{SS}_2 27 ⟨S u_μ S u · u⟩ ⟨u^μ ⟩ 8/3 F^{−8} c^6_d − 8 F^{−6} c^4_d λ^{SS}_2 + 4/3 F^{−6} c^4_d + 16/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 14/3 F^{−4} c^2_d λ^{SS}_1 − 4/3 F^{−4} c^2_d (λ^{SS}_1 )^2 − F^{−4} c^2_d λ^{SS}_2 + 16/3 F^{−4} c^2_d (λ^{SS}_2 )^2 + 1/2 F^{−4} c^2_d + 2 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/8 F^{−2} λ^{SS}_1 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 2 F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} (λ^{SS}_1 )^3 − 3/8 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_2 )^2 28 ⟨S u_ν u^μ u^ν ⟩ ⟨u_μ S⟩ −5/24F^{−2} + 16 F^{−8} c^6_d − 64/3 F^{−6} c^4_d λ^{SS}_1 − 80/3 F^{−6} c^4_d λ^{SS}_2 − 16/3 F^{−6} c^4_d + 16 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 16/3 F^{−4} c^2_d λ^{SS}_1 + 8 F^{−4} c^2_d (λ^{SS}_1 )^2 + 4/3 F^{−4} c^2_d λ^{SS}_2 + 16 F^{−4} c^2_d (λ^{SS}_2 )^2 + 7/6 F^{−4} c^2_d − 8 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − 1/6 F^{−2} λ^{SS}_1 − 4/3 F^{−2} (λ^{SS}_1 )^2 + 2 F^{−2} (λ^{SS}_2 )^2 29 ⟨S [u^μ , u^ν ]⟩^2 3/64F^{−2} − 4 F^{−6} c^4_d λ^{SS}_2 + F^{−6} c^4_d + 6 F^{−4} c^2_d (λ^{SS}_2 )^2 − 3/8 F^{−4} c^2_d + 1/2 F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 − 1/4 F^{−2} (λ^{SS}_1 )^2 + 1/16 F^{−2} λ^{SS}_2 − F^{−2} (λ^{SS}_2 )^2 − 2 F^{−2} (λ^{SS}_2 )^3 30 ⟨S {u^μ , u^ν }⟩^2 3/64F^{−2} + 6 F^{−8} c^6_d − 8 F^{−6} c^4_d λ^{SS}_1 − 14 F^{−6} c^4_d λ^{SS}_2 − F^{−6} c^4_d + 10 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + F^{−4} c^2_d λ^{SS}_1 + 3 F^{−4} c^2_d (λ^{SS}_1 )^2 + 3/2 F^{−4} c^2_d λ^{SS}_2 + 10 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/16 F^{−4} c^2_d − 1/2 F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 − 1/4 F^{−2} (λ^{SS}_1 )^2 − 3/16 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_2 )^3 31 ⟨S u · u⟩^2 3/32F^{−2} + 12 F^{−8} c^6_d − 16 F^{−6} c^4_d λ^{SS}_1 − 12 F^{−6} c^4_d λ^{SS}_2 + 2 F^{−6} c^4_d + 16 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − F^{−4} c^2_d λ^{SS}_1 + 14 F^{−4} c^2_d (λ^{SS}_1 )^2 − 2 F^{−4} c^2_d λ^{SS}_2 + 3/8 F^{−4} c^2_d − 2 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/8 F^{−2} λ^{SS}_1 − 4 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} (λ^{SS}_1 )^3 − 1/4 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_2 )^2 32 ⟨SS⟩ ⟨u_μ u_ν u^μ u^ν ⟩ −1/96F^{−2} + 2 F^{−8} c^6_d − 10/3 F^{−6} c^4_d λ^{SS}_1 − 4/3 F^{−6} c^4_d + 3/2 F^{−4} c^2_d λ^{SS}_1 + F^{−4} c^2_d (λ^{SS}_1 )^2 + 11/48 F^{−4} c^2_d − 1/12 F^{−2} λ^{SS}_1 − 1/6 F^{−2} (λ^{SS}_1 )^2 33 ⟨SS⟩ ⟨u · u u · u⟩ −7/192F^{−2} + 4 F^{−8} c^6_d − 32/3 F^{−6} c^4_d λ^{SS}_1 + 7/3 F^{−6} c^4_d − 2 F^{−4} c^2_d λ^{SS}_1 + 8 F^{−4} c^2_d (λ^{SS}_1 )^2 + 1/12 F^{−4} c^2_d − 5/48 F^{−2} λ^{SS}_1 − 1/12 F^{−2} (λ^{SS}_1 )^2 − F^{−2} (λ^{SS}_1 )^3 34 ⟨SS u_ν u^μ u^ν ⟩ ⟨u_μ ⟩ 5/48F^{−2} + 16/3 F^{−8} c^6_d − 16/3 F^{−6} c^4_d λ^{SS}_1 − 16 F^{−6} c^4_d λ^{SS}_2 − 2/3 F^{−6} c^4_d + 20/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 5/3 F^{−4} c^2_d λ^{SS}_1 + 4/3 F^{−4} c^2_d (λ^{SS}_1 )^2 + 1/3 F^{−4} c^2_d λ^{SS}_2 + 56/3 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/6 F^{−4} c^2_d − 1/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/4 F^{−2} λ^{SS}_1 − 2/3 F^{−2} (λ^{SS}_1 )^2 − 1/12 F^{−2} λ^{SS}_2 − 8 F^{−2} (λ^{SS}_2 )^3 Table 3: (continued)

– 27 –

35 ⟨SS u^μ u_ν ⟩ ⟨u_μ u^ν ⟩ −3/16F^{−2} + 56/3 F^{−8} c^6_d − 24 F^{−6} c^4_d λ^{SS}_1 − 112/3 F^{−6} c^4_d λ^{SS}_2 − 16/3 F^{−6} c^4_d + 80/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 4 F^{−4} c^2_d λ^{SS}_1 + 20/3 F^{−4} c^2_d (λ^{SS}_1 )^2 + 16/3 F^{−4} c^2_d λ^{SS}_2 + 64/3 F^{−4} c^2_d (λ^{SS}_2 )^2 + 11/12 F^{−4} c^2_d − 8 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} (λ^{SS}_2 )^2 36 ⟨SS u · u⟩ ⟨u · u⟩ −3/32F^{−2} + 28/3 F^{−8} c^6_d − 12 F^{−6} c^4_d λ^{SS}_1 − 32/3 F^{−6} c^4_d λ^{SS}_2 + 10/3 F^{−6} c^4_d + 40/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 + 2 F^{−4} c^2_d λ^{SS}_1 + 10/3 F^{−4} c^2_d (λ^{SS}_1 )^2 − 10/3 F^{−4} c^2_d λ^{SS}_2 + 8/3 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/24 F^{−4} c^2_d − 4 F^{−2} λ^{SS}_1 (λ^{SS}_2 )^2 − 1/8 F^{−2} λ^{SS}_1 −3/2 F^{−2} (λ^{SS}_1 )^2−2 F^{−2} (λ^{SS}_1 )^3+F^{−2} (λ^{SS}_2 )^2 37 ⟨u_ν Su^ν u · u⟩ ⟨S⟩ 1/12F^{−2} +4 F^{−8} c^6_d −40/3 F^{−6} c^4_d λ^{SS}_1 +4/3 F^{−6} c^4_d λ^{SS}_2 − 4/3 F^{−6} c^4_d + 12 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 2/3 F^{−4} c^2_d λ^{SS}_1 + 6 F^{−4} c^2_d (λ^{SS}_1 )^2 + 3 F^{−4} c^2_d λ^{SS}_2 − 4 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/8 F^{−4} c^2_d − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 4 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 2/3 F^{−2} (λ^{SS}_1 )^2 + 1/12 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_2 )^2 38 ⟨u_ν Su^ν S⟩ ⟨u · u⟩ 8/3 F^{−8} c^6_d −8 F^{−6} c^4_d λ^{SS}_1 +8/3 F^{−6} c^4_d λ^{SS}_2 −4/3 F^{−6} c^4_d − 4/3 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_2 − 2 F^{−4} c^2_d λ^{SS}_1 + 20/3 F^{−4} c^2_d (λ^{SS}_1 )^2 + 13/3 F^{−4} c^2_d λ^{SS}_2 + 4/3 F^{−4} c^2_d (λ^{SS}_2 )^2 − 1/3 F^{−4} c^2_d − 4 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_2 + 1/4 F^{−2} λ^{SS}_2 39 ⟨u^μ u^ν ∇_μ S ∇_ν S⟩ 2/3 N F^{−6} c^4_d − 4/3 N F^{−4} c^2_d λ^{SS}_2 − 1/3 N F^{−4} c^2_d − 1/6 N F^{−2} λ^{SS}_1 +1/3 N F^{−2} (λ^{SS}_1 )^2 +4/3 N F^{−2} (λ^{SS}_2 )^2 + 5/48 F^{−2} N 40 ⟨u^μ u^ν ∇_ν S ∇_μ S⟩ 14/3 N F^{−6} c^4_d − 4 N F^{−4} c^2_d λ^{SS}_1 − 4 N F^{−4} c^2_d λ^{SS}_2 − 8/3 N F^{−4} c^2_d + 3/2 N F^{−2} λ^{SS}_1 + N F^{−2} (λ^{SS}_1 )^2 + 4 N F^{−2} (λ^{SS}_2 )^2 + 23/48 N F^{−2} 41 ⟨u^μ ∇_μ S u^ν ∇_ν S⟩ + h.c. 2 N F^{−6} c^4_d − 4/3 N F^{−4} c^2_d λ^{SS}_1 − 4 N F^{−4} c^2_d λ^{SS}_2 − 2/3 N F^{−4} c^2_d + 8/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 4/3 N F^{−2} λ^{SS}_2 42 ⟨∇_μ S u_ν ∇^μ Su^ν ⟩ 2/3 N F^{−4} c^2_d λ^{SS}_1 − 1/6 N F^{−4} c^2_d − 4/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/3 N F^{−2} λ^{SS}_2 43 ⟨u · u ∇^μ S ∇_μ S⟩ 2/3 N F^{−6} c^4_d − 2 N F^{−4} c^2_d λ^{SS}_1 + 4/3 N F^{−4} c^2_d λ^{SS}_2 + 1/2 N F^{−4} c^2_d − 5/6 N F^{−2} λ^{SS}_1 − 1/3 N F^{−2} (λ^{SS}_1 )^2 − 4/3 N F^{−2} (λ^{SS}_2 )^2 − 1/48 N F^{−2} 44 ⟨u_μ ⟩ ⟨u^μ ∇^ν S ∇_ν S⟩ 1/24F^{−2} + 4/3 F^{−6} c^4_d − 8/3 F^{−4} c^2_d λ^{SS}_1 + 4/3 F^{−4} c^2_d λ^{SS}_2 −F^{−4} c^2_d −4/3 F^{−2} λ^{SS}_1 λ^{SS}_2 +2 F^{−2} λ^{SS}_1 − 2/3 F^{−2} (λ^{SS}_1 )^2 − 1/3 F^{−2} λ^{SS}_2 45 ⟨u^μ u^ν ⟩ ⟨∇_μ S ∇_ν S⟩ 7/12F^{−2} + 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 − 5/3 F^{−4} c^2_d − 4/3 F^{−2} λ^{SS}_1 + 4/3 F^{−2} (λ^{SS}_1 )^2 46 ⟨u^μ ∇_μ S⟩ ⟨u^ν ∇_ν S⟩ 7/12F^{−2} + 28/3 F^{−6} c^4_d − 20/3 F^{−4} c^2_d λ^{SS}_1 − 12 F^{−4} c^2_d λ^{SS}_2 − 14/3 F^{−4} c^2_d + 4 F^{−2} λ^{SS}_1 λ^{SS}_2 + 5/3 F^{−2} λ^{SS}_1 +4/3 F^{−2} (λ^{SS}_1 )^2 +3 F^{−2} λ^{SS}_2 +4 F^{−2} (λ^{SS}_2 )^2 47 ⟨u^μ ∇_ν S⟩^2 −1/24F^{−2} + 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 − 8/3 F^{−4} c^2_d λ^{SS}_2 − F^{−4} c^2_d − 4/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 2/3 F^{−2} (λ^{SS}_1 )^2 + 7/3 F^{−2} λ^{SS}_2 − 4/3 F^{−2} (λ^{SS}_2 )^2 Table 3: (continued)

– 28 –

48 ⟨u^μ ∇_ν S⟩ ⟨u^ν ∇_μ S⟩ 7/12F^{−2} + 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 − 4/3 F^{−4} c^2_d λ^{SS}_2 − 4/3 F^{−4} c^2_d + 4/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 5/3 F^{−2} λ^{SS}_1 + 4/3 F^{−2} (λ^{SS}_1 )^2 − 1/3 F^{−2} λ^{SS}_2 + 4/3 F^{−2} (λ^{SS}_2 )^2 49 ⟨u^μ {∇_μ S, ∇_ν S}⟩ ⟨u^ν ⟩ −7/12F^{−2} − 8/3 F^{−6} c^4_d − 8/3 F^{−4} c^2_d λ^{SS}_1 + 4/3 F^{−4} c^2_d λ^{SS}_2 + 3 F^{−4} c^2_d + 8/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 4/3 F^{−2} (λ^{SS}_1 )^2 − 4/3 F^{−2} λ^{SS}_2 50 ⟨∇^μ S⟩ ⟨∇_μ S u · u⟩ 1/24F^{−2} + 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 − 8/3 F^{−4} c^2_d λ^{SS}_2 + F^{−4} c^2_d − 4/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 2/3 F^{−2} (λ^{SS}_1 )^2 − 7/3 F^{−2} λ^{SS}_2 51 ⟨∇_μ S {u^μ , u^ν }⟩ ⟨∇_ν S⟩ −7/12F^{−2} − 8/3 F^{−6} c^4_d − 8/3 F^{−4} c^2_d λ^{SS}_1 + 4/3 F^{−4} c^2_d λ^{SS}_2 + 3 F^{−4} c^2_d + 8/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 4/3 F^{−2} (λ^{SS}_1 )^2 − 4/3 F^{−2} λ^{SS}_2 52 ⟨u · u⟩ ⟨∇^μ S ∇_μ S⟩ −1/48F^{−2} + 2/3 F^{−6} c^4_d − 4/3 F^{−4} c^2_d λ^{SS}_1 + 2/3 F^{−4} c^2_d − 7/6 F^{−2} λ^{SS}_1 − 1/3 F^{−2} (λ^{SS}_1 )^2 53 i � u_μ u_ν SS f^{μν}_+ � + h.c. 1/3 N F^{−6} c^4_d − 1/6 N F^{−4} c^2_d λ^{SS}_1 − 1/3 N F^{−4} c^2_d λ^{SS}_2 − 1/8 N F^{−4} c^2_d + 1/24 N F^{−2} 54 i � u_μ S u_ν S f^{μν}_+ � + h.c. −2/3 N F^{−4} c^2_d λ^{SS}_1 +1/6 N F^{−4} c^2_d+2/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/6 N F^{−2} λ^{SS}_2 55 i � S u_μ u_ν S f^{μν}_+ � −2/3 N F^{−4} c^2_d λ^{SS}_2 + 1/4 N F^{−4} c^2_d − 1/12 N F^{−2} λ^{SS}_1 + 1/6 N F^{−2} (λ^{SS}_1 )^2 + 2/3 N F^{−2} (λ^{SS}_2 )^2 − 7/96 N F^{−2} 56 i � u_μ f^{μν}_+ u_ν SS � −2/3 N F^{−6} c^4_d + 1/3 N F^{−4} c^2_d λ^{SS}_1 + 4/3 N F^{−4} c^2_d λ^{SS}_2 + 1/12 N F^{−2} λ^{SS}_1 −1/6 N F^{−2} (λ^{SS}_1 )^2−2/3 N F^{−2} (λ^{SS}_2 )^2− 1/96 N F^{−2} 57 i ⟨u_μ ⟩ � f^{μν}_+ [SS, u_ν ] � 2/3 F^{−6} c^4_d −F^{−4} c^2_d λ^{SS}_1 −1/3 F^{−4} c^2_d λ^{SS}_2 −1/12 F^{−4} c^2_d + 1/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/6 F^{−2} (λ^{SS}_1 )^2 + 1/12 F^{−2} λ^{SS}_2 − 1/96F^{−2} 58 i ⟨u_μ S⟩ � f^{μν}_+ [S, u_ν ] � 4/3 F^{−6} c^4_d − 4/3 F^{−4} c^2_d λ^{SS}_1 − 4/3 F^{−4} c^2_d λ^{SS}_2 − 1/6 F^{−4} c^2_d + 1/6 F^{−2} λ^{SS}_1 + 1/3 F^{−2} (λ^{SS}_1 )^2 + 1/48F^{−2} 59 i ⟨S⟩ � u_μ S f^{μν}_+ u_ν � + h.c. −2/3 F^{−6} c^4_d + 2/3 F^{−4} c^2_d λ^{SS}_1 + F^{−4} c^2_d λ^{SS}_2 − 1/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/6 F^{−2} (λ^{SS}_1 )^2 − 1/12 F^{−2} λ^{SS}_2 + 1/96F^{−2} 60 i ⟨SS⟩ � f^{μν}_+ u_μ u_ν � 4/3 F^{−6} c^4_d − 2 F^{−4} c^2_d λ^{SS}_1 − 1/3 F^{−4} c^2_d + 1/6 F^{−2} λ^{SS}_1 + 1/3 F^{−2} (λ^{SS}_1 )^2 + 1/48F^{−2} 61 i � u_μ f^{μν}_+ u_ν S � ⟨S⟩ −4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d λ^{SS}_2 − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 − 1/6 F^{−2} λ^{SS}_2 + 1/48F^{−2} 62 i � f^{μν}_+ ∇_μ S ∇_ν S � 1/3 N F^{−4} c^2_d − 1/6 N F^{−2} 63 � u_μ f^{μν}_− ∇_ν S S � + h.c. −1/2 N F^{−6} c^4_d + 1/3 N F^{−4} c^2_d λ^{SS}_1 + 2/3 N F^{−4} c^2_d λ^{SS}_2 64 � u_μ ∇_ν S S f^{μν}_− � + h.c. −5/6 N F^{−6} c^4_d + 1/3 N F^{−4} c^2_d λ^{SS}_1 + 2 N F^{−4} c^2_d λ^{SS}_2 + 1/6 N F^{−2} λ^{SS}_1 −1/3 N F^{−2} (λ^{SS}_1 )^2 −4/3 N F^{−2} (λ^{SS}_2 )^2 − 1/48 N F^{−2} 65 � u_μ S f^{μν}_− ∇_ν S � + h.c. 4/3 N F^{−4} c^2_d λ^{SS}_1 − 1/3 N F^{−4} c^2_d − 4/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/3 N F^{−2} λ^{SS}_2 Table 3: (continued)

– 29 –

66 ⟨u_μ ⟩ � f^{μν}_− {S, ∇_ν S} � 1/48F^{−2} − 4/3 F^{−6} c^4_d + 2 F^{−4} c^2_d λ^{SS}_1 + 2/3 F^{−4} c^2_d λ^{SS}_2 + 1/6 F^{−4} c^2_d − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 − 1/6 F^{−2} λ^{SS}_2 67 ⟨u_μ S⟩ � f^{μν}_− ∇_ν S � −1/24F^{−2} − 8/3 F^{−6} c^4_d + 8/3 F^{−4} c^2_d λ^{SS}_1 + 8/3 F^{−4} c^2_d λ^{SS}_2 + 1/3 F^{−4} c^2_d − 1/3 F^{−2} λ^{SS}_1 − 2/3 F^{−2} (λ^{SS}_1 )^2 68 ⟨∇_μ S⟩ � f^{μν}_− {S, u_ν } � −1/48F^{−2} +4/3 F^{−6} c^4_d−4/3 F^{−4} c^2_d λ^{SS}_1 −2 F^{−4} c^2_d λ^{SS}_2 + 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/3 F^{−2} (λ^{SS}_1 )^2 + 1/6 F^{−2} λ^{SS}_2 69 ⟨S⟩ � f^{μν}_− {u_μ , ∇_ν S} � 1/48F^{−2} − 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d λ^{SS}_2 − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 − 1/6 F^{−2} λ^{SS}_2 70 � S f^{μν}_− � ⟨u_μ ∇_ν S⟩ −1/24F^{−2} − 8/3 F^{−6} c^4_d + 8/3 F^{−4} c^2_d λ^{SS}_1 + 16/3 F^{−4} c^2_d λ^{SS}_2 − 1/3 F^{−4} c^2_d − 8/3 F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/3 F^{−2} λ^{SS}_1 − 2/3 F^{−2} (λ^{SS}_1 )^2 + 2/3 F^{−2} λ^{SS}_2 − 8/3 F^{−2} (λ^{SS}_2 )^2 71 ⟨S ∇_μ S⟩ � u_ν f^{μν}_− � 1/24F^{−2} + 8/3 F^{−6} c^4_d − 4 F^{−4} c^2_d λ^{SS}_1 − 2/3 F^{−4} c^2_d + 1/3 F^{−2} λ^{SS}_1 + 2/3 F^{−2} (λ^{SS}_1 )^2 72 � S f^{μν}_+ S f_{+ μν} � 1/12 N F^{−4} c^2_d − 1/24 N F^{−2} 73 � SS f^{μν}_+ f_{+ μν} � −1/12 N F^{−4} c^2_d + 1/24 N F^{−2} 74 � S f^{μν}_− S f_{− μν} � 2/3 N F^{−4} c^2_d λ^{SS}_1 − 1/6 N F^{−4} c^2_d − 2/3 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/6 N F^{−2} λ^{SS}_2 75 � SS f^{μν}_− f_{− μν} � −2/3 N F^{−6} c^4_d + 1/3 N F^{−4} c^2_d λ^{SS}_1 + 4/3 N F^{−4} c^2_d λ^{SS}_2 + 1/12 N F^{−2} λ^{SS}_1 −1/6 N F^{−2} (λ^{SS}_1 )^2−2/3 N F^{−2} (λ^{SS}_2 )^2− 1/96 N F^{−2} 76 ⟨S⟩ � S f^{μν}_− f_{− μν} � 1/48F^{−2} − 4/3 F^{−6} c^4_d + 4/3 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d λ^{SS}_2 − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 − 1/6 F^{−2} λ^{SS}_2 77 � S f^{μν}_−

�_2 −1/48F^{−2} −4/3 F^{−6} c^4_d+4/3 F^{−4} c^2_d λ^{SS}_1 +2 F^{−4} c^2_d λ^{SS}_2 − 2/3 F^{−2} λ^{SS}_1 λ^{SS}_2 − 1/3 F^{−2} (λ^{SS}_1 )^2 + 1/6 F^{−2} λ^{SS}_2 − 2/3 F^{−2} (λ^{SS}_2 )^2 78 ⟨SS⟩ � f^{μν}_− f_{− μν} � −1/96F^{−2} − 2/3 F^{−6} c^4_d + F^{−4} c^2_d λ^{SS}_1 + 1/6 F^{−4} c^2_d − 1/12 F^{−2} λ^{SS}_1 − 1/6 F^{−2} (λ^{SS}_1 )^2 79 ⟨S χ_+ S u · u⟩ −N F^{−6} c^3_d c_m + 4 N F^{−6} c^4_d λ^{SS}_3 + N F^{−6} c^4_d − N F^{−4} c_d c_m λ^{SS}_1 + N F^{−4} c_d c_m λ^{SS}_2 − 1/4 N F^{−4} c_d c_m + 2 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 + 2 N F^{−4} c^2_d λ^{SS}_1 − 4 N F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 2 N F^{−4} c^2_d λ^{SS}_2 + N F^{−4} c^2_d λ^{SS}_3 − 1/2 N F^{−2} λ^{SS}_1 λ^{SS}_3 −N F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 −N F^{−2} (λ^{SS}_1 )^2 + N F^{−2} (λ^{SS}_2 )^2 − 1/16 N F^{−2} λ^{SS}_3 80 ⟨SS {χ_+, u · u}⟩ −1/2 N F^{−6} c^3_d c_m + 2 N F^{−6} c^4_d λ^{SS}_3 + N F^{−6} c^4_d − 1/2 N F^{−4} c_d c_m λ^{SS}_1 + 1/2 N F^{−4} c_d c_m λ^{SS}_2 − 1/8 N F^{−4} c_d c_m+N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 +1/2 N F^{−4} c^2_d λ^{SS}_1 − 2 N F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − N F^{−4} c^2_d λ^{SS}_2 + 3/4 N F^{−4} c^2_d λ^{SS}_3 + 1/4 N F^{−4} c^2_d − 1/2 N F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/8 N F^{−2} λ^{SS}_1 − 1/2 N F^{−2} (λ^{SS}_1 )^2 + 1/8 N F^{−2} λ^{SS}_3 Table 3: (continued)

– 30 –

81 ⟨u_ν Su^ν {S, χ_+}⟩ 1/2 N F^{−4} c_d c_m λ^{SS}_1 − N F^{−4} c_d c_m λ^{SS}_2 + 1/8 N F^{−4} c_d c_m − N F^{−4} c^2_d λ^{SS}_1 + 4 N F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 + 2 N F^{−4} c^2_d λ^{SS}_2 − N F^{−4} c^2_d λ^{SS}_3 − 1/4 N F^{−4} c^2_d − 2 N F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 − 1/2 N F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/2 N F^{−2} λ^{SS}_2 λ^{SS}_3 + 1/8 N F^{−2} λ^{SS}_2 82 ⟨u_ν SSu^ν χ_+⟩ −4 N F^{−6} c^4_d λ^{SS}_3 + 2 N F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 + 8 N F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 +1/8 N F^{−2} λ^{SS}_1 +1/4 N F^{−2} (λ^{SS}_1 )^2− 4 N F^{−2} (λ^{SS}_2 )^2 λ^{SS}_3 − 3/64 N F^{−2} 83 ⟨u_μ ⟩ ⟨u^μ {SS, χ_+}⟩ 3/64F^{−2} − F^{−6} c^3_d c_m + 2 F^{−6} c^4_d + 1/2 F^{−4} c_d c_m λ^{SS}_1 + 1/2 F^{−4} c_d c_m λ^{SS}_2 + 1/4 F^{−4} c_d c_m − 2 F^{−4} c^2_d λ^{SS}_1 + 2 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − F^{−4} c^2_d λ^{SS}_2 − 1/2 F^{−4} c^2_d − 2 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 + F^{−2} λ^{SS}_1 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_1 + 1/4 F^{−2} (λ^{SS}_1 )^2 − 1/2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_3 84 ⟨u_μ ⟩ ⟨u^μ S χ_+ S⟩ −2 F^{−6} c^3_d c_m +8 F^{−6} c^4_d λ^{SS}_3 +2 F^{−6} c^4_d +F^{−4} c_d c_m λ^{SS}_1 + F^{−4} c_d c_m λ^{SS}_2 + 1/2 F^{−4} c_d c_m − 4 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 2 F^{−4} c^2_d λ^{SS}_1 − 4 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 2 F^{−4} c^2_d λ^{SS}_2 − 3 F^{−4} c^2_d λ^{SS}_3 + F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_2 + 1/8 F^{−2} λ^{SS}_3 85 ⟨u_μ S⟩ ⟨u^μ {S, χ_+}⟩ −3/32F^{−2} − 4 F^{−6} c^3_d c_m + 6 F^{−6} c^4_d + 2 F^{−4} c_d c_m λ^{SS}_1 + 2 F^{−4} c_d c_m λ^{SS}_2 + F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 4 F^{−4} c^2_d λ^{SS}_1 + 4 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 6 F^{−4} c^2_d λ^{SS}_2 − 2 F^{−4} c^2_d λ^{SS}_3 −F^{−4} c^2_d−4 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 +F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 + 1/2 F^{−2} (λ^{SS}_1 )^2 + 3 F^{−2} λ^{SS}_2 λ^{SS}_3 + 3/4 F^{−2} λ^{SS}_2 − 4 F^{−2} (λ^{SS}_2 )^2 λ^{SS}_3 + F^{−2} (λ^{SS}_2 )^2 − 1/8 F^{−2} λ^{SS}_3 86 ⟨u_μ SS⟩ ⟨u^μ χ_+⟩ 3/32F^{−2} − 4 F^{−6} c^3_d c_m − 8 F^{−6} c^4_d λ^{SS}_3 + 6 F^{−6} c^4_d + 2 F^{−4} c_d c_m λ^{SS}_1 + 2 F^{−4} c_d c_m λ^{SS}_2 + F^{−4} c_d c_m + 12 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 6 F^{−4} c^2_d λ^{SS}_1 + 8 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 4 F^{−4} c^2_d λ^{SS}_2 +F^{−4} c^2_d λ^{SS}_3 −F^{−4} c^2_d −4 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 + F^{−2} λ^{SS}_1 λ^{SS}_2 + 1/2 F^{−2} λ^{SS}_1 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 + 1/2 F^{−2} (λ^{SS}_1 )^2 − F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_2 − 3/8 F^{−2} λ^{SS}_3 87 ⟨S⟩ ⟨S {χ_+, u · u}⟩ −2 F^{−6} c^3_d c_m + 4 F^{−6} c^4_d λ^{SS}_3 + 3 F^{−6} c^4_d − 1/2 F^{−4} c_d c_m λ^{SS}_1 + F^{−4} c_d c_m λ^{SS}_2 − 5/8 F^{−4} c_d c_m + F^{−4} c^2_d λ^{SS}_1 − 2 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 3 F^{−4} c^2_d λ^{SS}_2 + F^{−4} c^2_d λ^{SS}_3 + 3/4 F^{−4} c^2_d − 1/2 F^{−2} λ^{SS}_1 λ^{SS}_2 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 − F^{−2} λ^{SS}_2 λ^{SS}_3 − 3/8 F^{−2} λ^{SS}_2 + 1/16 F^{−2} λ^{SS}_3 88 ⟨S χ_+⟩ ⟨S u · u⟩ 3/32F^{−2} − 4 F^{−6} c^3_d c_m + 6 F^{−6} c^4_d − F^{−4} c_d c_m + 12 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 + 8 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 2 F^{−4} c^2_d λ^{SS}_2 + F^{−4} c^2_d λ^{SS}_3 +F^{−4} c^2_d −4 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 −F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 3 F^{−2} λ^{SS}_2 λ^{SS}_3 − 3/4 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_2 )^2 + 1/8 F^{−2} λ^{SS}_3 Table 3: (continued)

– 31 –

89 ⟨SS⟩ ⟨χ_+ u · u⟩ −3/64F^{−2} − 2 F^{−6} c^3_d c_m − 4 F^{−6} c^4_d λ^{SS}_3 + 3 F^{−6} c^4_d + F^{−4} c_d c_m λ^{SS}_1 − 3/4 F^{−4} c_d c_m + 6 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 3 F^{−4} c^2_d λ^{SS}_1 + 3/2 F^{−4} c^2_d λ^{SS}_3 + F^{−4} c^2_d − 1/2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 3/8 F^{−2} λ^{SS}_1 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 + 1/4 F^{−2} (λ^{SS}_1 )^2 + 3/16 F^{−2} λ^{SS}_3 90 ⟨SS u · u⟩ ⟨χ_+⟩ −3/64F^{−2} − 2 F^{−6} c^3_d c_m − 4 F^{−6} c^4_d λ^{SS}_3 + 3 F^{−6} c^4_d − 2 F^{−4} c_d c_m λ^{SS}_1 + 2 F^{−4} c_d c_m λ^{SS}_2 − 1/2 F^{−4} c_d c_m + 2 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 + 3 F^{−4} c^2_d λ^{SS}_1 + 8 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 − 4 F^{−4} c^2_d λ^{SS}_2 + 1/2 F^{−4} c^2_d λ^{SS}_3 + 1/2 F^{−4} c^2_d + 1/2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/8 F^{−2} λ^{SS}_1 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 − 7/4 F^{−2} (λ^{SS}_1 )^2 − 4 F^{−2} (λ^{SS}_2 )^2 λ^{SS}_3 + F^{−2} (λ^{SS}_2 )^2 + 3/16 F^{−2} λ^{SS}_3 91 ⟨SS χ_+⟩ ⟨u · u⟩ −3/64F^{−2} − 2 F^{−6} c^3_d c_m + 4 F^{−6} c^4_d λ^{SS}_3 + 3 F^{−6} c^4_d + F^{−4} c_d c_m λ^{SS}_1 − 3/4 F^{−4} c_d c_m − 2 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 3 F^{−4} c^2_d λ^{SS}_1 + 9/2 F^{−4} c^2_d λ^{SS}_3 + F^{−4} c^2_d − 5/2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 3/8 F^{−2} λ^{SS}_1 − F^{−2} (λ^{SS}_1 )^2 λ^{SS}_3 + 1/4 F^{−2} (λ^{SS}_1 )^2 + 3/16 F^{−2} λ^{SS}_3 92 ⟨u_ν Su^ν χ_+⟩ ⟨S⟩ 3/32F^{−2} − 8 F^{−6} c^4_d λ^{SS}_3 + F^{−4} c_d c_m λ^{SS}_1 − 2 F^{−4} c_d c_m λ^{SS}_2 + 1/4 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 2 F^{−4} c^2_d λ^{SS}_1 + 12 F^{−4} c^2_d λ^{SS}_2 λ^{SS}_3 + 4 F^{−4} c^2_d λ^{SS}_2 + F^{−4} c^2_d λ^{SS}_3 − 1/2 F^{−4} c^2_d − 4 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 + 1/2 F^{−2} (λ^{SS}_1 )^2 − F^{−2} λ^{SS}_2 λ^{SS}_3 − 2 F^{−2} (λ^{SS}_2 )^2 93 ⟨u_ν Su^ν S⟩ ⟨χ_+⟩ F^{−4} c_d c_m λ^{SS}_1 − 2 F^{−4} c_d c_m λ^{SS}_2 + 1/4 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_1 λ^{SS}_3 − 2 F^{−4} c^2_d λ^{SS}_1 + 4 F^{−4} c^2_d λ^{SS}_2 − F^{−4} c^2_d λ^{SS}_3 − 1/2 F^{−4} c^2_d − 4 F^{−2} λ^{SS}_1 λ^{SS}_2 λ^{SS}_3 − F^{−2} λ^{SS}_1 λ^{SS}_2 + F^{−2} λ^{SS}_2 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_2 94 ⟨χ_+ ∇^μ S ∇_μ S⟩ 1/2 N F^{−4} c^2_d − N F^{−2} λ^{SS}_1 95 ⟨χ_+⟩ ⟨∇^μ S ∇_μ S⟩ 1/2 F^{−4} c^2_d − F^{−2} λ^{SS}_1 96 ⟨χ_+ ∇^μ S⟩ ⟨∇_μ S⟩ F^{−4} c^2_d − 2 F^{−2} λ^{SS}_2 97 i ⟨u^μ ∇_μ S χ_− S ⟩ + h.c. −15 N F^{−6} c^3_d c_m + 9 N F^{−6} c^4_d + 4 N F^{−4} c_d c_m λ^{SS}_1 + 14 N F^{−4} c_d c_m λ^{SS}_2 + 3 N F^{−4} c_d c_m − 3 N F^{−4} c^2_d λ^{SS}_1 − 10 N F^{−4} c^2_d λ^{SS}_2 + N F^{−4} c^2_d λ^{SS}_3 − 2 N F^{−4} c^2_d + 2 N F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 N F^{−2} λ^{SS}_2 λ^{SS}_3 + N F^{−2} λ^{SS}_2 98 i ⟨u^μ ∇_μ S S χ_− ⟩ + h.c. −13 N F^{−6} c^3_d c_m + 8 N F^{−6} c^4_d + 6 N F^{−4} c_d c_m λ^{SS}_1 + 10 N F^{−4} c_d c_m λ^{SS}_2 + 5/2 N F^{−4} c_d c_m − 9/2 N F^{−4} c^2_d λ^{SS}_1 − 7 N F^{−4} c^2_d λ^{SS}_2 + 2 N F^{−4} c^2_d λ^{SS}_3 − 15/8 N F^{−4} c^2_d − N F^{−2} λ^{SS}_1 λ^{SS}_3 + 1/2 N F^{−2} λ^{SS}_1 + 1/2 N F^{−2} (λ^{SS}_1 )^2 + 2 N F^{−2} (λ^{SS}_2 )^2 − 3/4 N F^{−2} λ^{SS}_3 + 3/32 N F^{−2} 99 i ⟨u^μ χ_− ∇_μ S S ⟩ + h.c. 2 N F^{−6} c^3_d c_m − N F^{−6} c^4_d + 3 N F^{−4} c_d c_m λ^{SS}_1 − 2 N F^{−4} c_d c_m λ^{SS}_2 − 5/4 N F^{−4} c_d c_m − 3/2 N F^{−4} c^2_d λ^{SS}_1 + N F^{−4} c^2_d λ^{SS}_2 + 5/8 N F^{−4} c^2_d 100 i ⟨u^μ ⟩ ⟨∇_μ S {S, χ_− }⟩ 6 F^{−6} c^3_d c_m−4 F^{−6} c^4_d+F^{−4} c_d c_m λ^{SS}_1 −13/4 F^{−4} c_d c_m− F^{−4} c^2_d λ^{SS}_1 + F^{−4} c^2_d λ^{SS}_2 − F^{−4} c^2_d λ^{SS}_3 + 5/2 F^{−4} c^2_d + F^{−2} λ^{SS}_1 λ^{SS}_2 − F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_1 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 3/4 F^{−2} λ^{SS}_2 + 3/4 F^{−2} λ^{SS}_3 − 3/32 F^{−2} Table 3: (continued)

– 32 –

101 i ⟨u^μ {S, χ_− }⟩ ⟨∇_μ S⟩ 6 F^{−6} c^3_d c_m − 4 F^{−6} c^4_d + 3 F^{−4} c_d c_m λ^{SS}_1 − 4 F^{−4} c_d c_m λ^{SS}_2 − 11/4 F^{−4} c_d c_m − 2 F^{−4} c^2_d λ^{SS}_1 + 3 F^{−4} c^2_d λ^{SS}_2 − F^{−4} c^2_d λ^{SS}_3 + 9/4 F^{−4} c^2_d + F^{−2} λ^{SS}_1 λ^{SS}_2 − F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_1 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 3/4 F^{−2} λ^{SS}_2 + 3/4 F^{−2} λ^{SS}_3 − 3/32F^{−2} 102 i ⟨χ_− ∇_μ S⟩ ⟨u^μ S⟩ 8 F^{−6} c^3_d c_m − 4 F^{−6} c^4_d + 2 F^{−4} c_d c_m λ^{SS}_1 − 8 F^{−4} c_d c_m λ^{SS}_2 − 5/2 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_2 − 2 F^{−4} c^2_d λ^{SS}_3 + F^{−4} c^2_d − 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − F^{−2} λ^{SS}_1 + F^{−2} (λ^{SS}_1 )^2 + 3/2 F^{−2} λ^{SS}_3 + 3/16F^{−2} 103 i ⟨S⟩ ⟨χ_− {u^μ , ∇_μ S}⟩ −4 F^{−6} c^3_d c_m + 2 F^{−6} c^4_d + 5 F^{−4} c_d c_m λ^{SS}_1 + 2 F^{−4} c_d c_m λ^{SS}_2 + 1/4 F^{−4} c_d c_m − 4 F^{−4} c^2_d λ^{SS}_1 − F^{−4} c^2_d λ^{SS}_2 + 3 F^{−4} c^2_d λ^{SS}_3 + 1/4 F^{−4} c^2_d + F^{−2} λ^{SS}_1 λ^{SS}_2 − F^{−2} λ^{SS}_1 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_1 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_2 − 3/4 F^{−2} λ^{SS}_3 − 3/32F^{−2} 104 i ⟨S ∇_μ S⟩ ⟨u^μ χ_− ⟩ 8 F^{−6} c^3_d c_m − 4 F^{−6} c^4_d − 2 F^{−4} c_d c_m λ^{SS}_1 − 7/2 F^{−4} c_d c_m + 2 F^{−4} c^2_d λ^{SS}_1 − 2 F^{−4} c^2_d λ^{SS}_3 + 3/2 F^{−4} c^2_d − 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − F^{−2} λ^{SS}_1 + F^{−2} (λ^{SS}_1 )^2 + 3/2 F^{−2} λ^{SS}_3 + 3/16F^{−2} 105 i ⟨S {u^μ , ∇_μ S}⟩ ⟨χ_− ⟩ −20 F^{−6} c^3_d c_m + 10 F^{−6} c^4_d + 11 F^{−4} c_d c_m λ^{SS}_1 + 18 F^{−4} c_d c_m λ^{SS}_2 + 11/4 F^{−4} c_d c_m − 7 F^{−4} c^2_d λ^{SS}_1 − 9 F^{−4} c^2_d λ^{SS}_2 + 3 F^{−4} c^2_d λ^{SS}_3 − F^{−4} c^2_d + F^{−2} λ^{SS}_1 λ^{SS}_2 − F^{−2} λ^{SS}_1 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_1 + 1/2 F^{−2} (λ^{SS}_1 )^2 − 2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_2 − 3/4 F^{−2} λ^{SS}_3 − 3/32F^{−2} 106 i ⟨S χ_− ⟩ ⟨u^μ ∇_μ S⟩ −20 F^{−6} c^3_d c_m + 16 F^{−6} c^4_d + 14 F^{−4} c_d c_m λ^{SS}_1 + 12 F^{−4} c_d c_m λ^{SS}_2 + 7/2 F^{−4} c_d c_m − 12 F^{−4} c^2_d λ^{SS}_1 − 16 F^{−4} c^2_d λ^{SS}_2 +6 F^{−4} c^2_d λ^{SS}_3 −4 F^{−4} c^2_d +4 F^{−2} λ^{SS}_1 λ^{SS}_2 − 2 F^{−2} λ^{SS}_1 λ^{SS}_3 + F^{−2} λ^{SS}_1 + F^{−2} (λ^{SS}_1 )^2 − 4 F^{−2} λ^{SS}_2 λ^{SS}_3 + 2 F^{−2} λ^{SS}_2 + 4 F^{−2} (λ^{SS}_2 )^2 − 3/2 F^{−2} λ^{SS}_3 + 3/16F^{−2} 107 ⟨SS χ_+ χ_+⟩ −N F^{−4} c_d c_m λ^{SS}_3 − 1/2 N F^{−4} c_d c_m + 2 N F^{−4} c^2_d λ^{SS}_3 + 2 N F^{−4} c^2_d (λ^{SS}_3 )^2 + 1/2 N F^{−4} c^2_d + 1/8 N F^{−4} c^2_m − N F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/4 N F^{−2} λ^{SS}_1 + 1/4 N F^{−2} λ^{SS}_3 108 ⟨S χ_+ S χ_+⟩ −N F^{−4} c_d c_m λ^{SS}_3 − 1/2 N F^{−4} c_d c_m + 2 N F^{−4} c^2_d λ^{SS}_3 + 2 N F^{−4} c^2_d (λ^{SS}_3 )^2 + 1/4 N F^{−4} c^2_d + 1/8 N F^{−4} c^2_m − N F^{−2} λ^{SS}_1 λ^{SS}_3 109 ⟨S⟩ ⟨S χ_+ χ_+⟩ −2 F^{−4} c_d c_m λ^{SS}_3 − 2 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_3 + 3/2 F^{−4} c^2_d + 1/2 F^{−4} c^2_m − 2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/2 F^{−2} λ^{SS}_2 110 ⟨S χ_+⟩^2 −2 F^{−4} c_d c_m λ^{SS}_3 − 2 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_3 + 4 F^{−4} c^2_d (λ^{SS}_3 )^2 + 3/2 F^{−4} c^2_d + 1/2 F^{−4} c^2_m − 2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/2 F^{−2} λ^{SS}_2 111 ⟨SS⟩ ⟨χ_+ χ_+⟩ −F^{−4} c_d c_m + 3/4 F^{−4} c^2_d + 1/4 F^{−4} c^2_m − 1/4 F^{−2} λ^{SS}_1 + 1/4 F^{−2} λ^{SS}_3 112 ⟨SS χ_+⟩ ⟨χ_+⟩ −2 F^{−4} c_d c_m λ^{SS}_3 − 2 F^{−4} c_d c_m + 4 F^{−4} c^2_d λ^{SS}_3 + 3/2 F^{−4} c^2_d +1/2 F^{−4} c^2_m −2 F^{−2} λ^{SS}_1 λ^{SS}_3 −1/2 F^{−2} λ^{SS}_1 + 1/2 F^{−2} λ^{SS}_3 Table 3: (continued)

– 33 –

113 ⟨S χ_− S χ_− ⟩ −14 N F^{−6} c^2_d c^2_m + 22 N F^{−6} c^3_d c_m − 8 N F^{−6} c^4_d − 6 N F^{−4} c_d c_m λ^{SS}_1 − 12 N F^{−4} c_d c_m λ^{SS}_2 + 6 N F^{−4} c_d c_m λ^{SS}_3 − 3/2 N F^{−4} c_d c_m + 3 N F^{−4} c^2_d λ^{SS}_1 + 6 N F^{−4} c^2_d λ^{SS}_2 − 4 N F^{−4} c^2_d λ^{SS}_3 + 3/4 N F^{−4} c^2_d + 2 N F^{−4} c^2_m λ^{SS}_1 + 4 N F^{−4} c^2_m λ^{SS}_2 + 1/2 N F^{−4} c^2_m − N F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 N F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 N F^{−2} λ^{SS}_2 114 ⟨SS χ_− χ_− ⟩ −18 N F^{−6} c^2_d c^2_m + 26 N F^{−6} c^3_d c_m − 9 N F^{−6} c^4_d − 10 N F^{−4} c_d c_m λ^{SS}_1 − 12 N F^{−4} c_d c_m λ^{SS}_2 + 6 N F^{−4} c_d c_m λ^{SS}_3 − N F^{−4} c_d c_m + 9/2 N F^{−4} c^2_d λ^{SS}_1 + 6 N F^{−4} c^2_d λ^{SS}_2 − 4 N F^{−4} c^2_d λ^{SS}_3 + 1/2 N F^{−4} c^2_d + 4 N F^{−4} c^2_m λ^{SS}_1 + 4 N F^{−4} c^2_m λ^{SS}_2 + 1/2 N F^{−4} c^2_m + N F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/8 N F^{−2} λ^{SS}_1 − 1/4 N F^{−2} (λ^{SS}_1 )^2 − N F^{−2} (λ^{SS}_2 )^2 + 1/4 N F^{−2} λ^{SS}_3 − N F^{−2} (λ^{SS}_3 )^2 − 1/64 N F^{−2} 115 ⟨S⟩ ⟨S χ_− χ_− ⟩ 1/32F^{−2} − 16 F^{−6} c^2_d c^2_m + 20 F^{−6} c^3_d c_m − 6 F^{−6} c^4_d − 12 F^{−4} c_d c_m λ^{SS}_1 − 8 F^{−4} c_d c_m λ^{SS}_2 + 12 F^{−4} c_d c_m λ^{SS}_3 + 2 F^{−4} c_d c_m +6 F^{−4} c^2_d λ^{SS}_1 +3 F^{−4} c^2_d λ^{SS}_2 −8 F^{−4} c^2_d λ^{SS}_3 − F^{−4} c^2_d + 4 F^{−4} c^2_m λ^{SS}_1 + 4 F^{−4} c^2_m λ^{SS}_2 − F^{−4} c^2_m − F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/2 F^{−2} (λ^{SS}_1 )^2 + 2 F^{−2} λ^{SS}_2 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_3 )^2 116 ⟨SS⟩ ⟨χ_− χ_− ⟩ −1/64F^{−2} − 4 F^{−6} c^2_d c^2_m + 4 F^{−6} c^3_d c_m − F^{−6} c^4_d − 4 F^{−4} c_d c_m λ^{SS}_1 + 4 F^{−4} c_d c_m λ^{SS}_3 + 1/2 F^{−4} c_d c_m + 3/2 F^{−4} c^2_d λ^{SS}_1 − 2 F^{−4} c^2_d λ^{SS}_3 − 1/4 F^{−4} c^2_d + 2 F^{−4} c^2_m λ^{SS}_1 + F^{−2} λ^{SS}_1 λ^{SS}_3 + 1/8 F^{−2} λ^{SS}_1 − 1/4 F^{−2} (λ^{SS}_1 )^2 − 1/4 F^{−2} λ^{SS}_3 − F^{−2} (λ^{SS}_3 )^2 117 ⟨S χ_− ⟩^2 −1/32F^{−2} − 20 F^{−6} c^2_d c^2_m + 28 F^{−6} c^3_d c_m − 10 F^{−6} c^4_d − 12 F^{−4} c_d c_m λ^{SS}_1 −12 F^{−4} c_d c_m λ^{SS}_2 +12 F^{−4} c_d c_m λ^{SS}_3 + F^{−4} c_d c_m + 6 F^{−4} c^2_d λ^{SS}_1 + 7 F^{−4} c^2_d λ^{SS}_2 − 8 F^{−4} c^2_d λ^{SS}_3 + 4 F^{−4} c^2_m λ^{SS}_1 + 4 F^{−4} c^2_m λ^{SS}_2 − F^{−4} c^2_m − F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/2 F^{−2} (λ^{SS}_1 )^2 + 2 F^{−2} λ^{SS}_2 λ^{SS}_3 − 1/4 F^{−2} λ^{SS}_2 − F^{−2} (λ^{SS}_2 )^2 − 2 F^{−2} (λ^{SS}_3 )^2 118 ⟨SS χ_− ⟩ ⟨χ_− ⟩ 1/32F^{−2} − 32 F^{−6} c^2_d c^2_m + 44 F^{−6} c^3_d c_m − 14 F^{−6} c^4_d − 20 F^{−4} c_d c_m λ^{SS}_1 −20 F^{−4} c_d c_m λ^{SS}_2 +16 F^{−4} c_d c_m λ^{SS}_3 − F^{−4} c_d c_m +9 F^{−4} c^2_d λ^{SS}_1 +8 F^{−4} c^2_d λ^{SS}_2 −10 F^{−4} c^2_d λ^{SS}_3 + 8 F^{−4} c^2_m λ^{SS}_1 + 8 F^{−4} c^2_m λ^{SS}_2 + F^{−4} c^2_m − F^{−2} λ^{SS}_1 λ^{SS}_2 + 2 F^{−2} λ^{SS}_1 λ^{SS}_3 − 1/2 F^{−2} (λ^{SS}_1 )^2 + 2 F^{−2} λ^{SS}_2 λ^{SS}_3 + 1/4 F^{−2} λ^{SS}_2 − 2 F^{−2} (λ^{SS}_3 )^2 Table 3: Operators with two scalar resonances and their βfunction coefficients when only scalar resonances are included.

References

[1] S. Weinberg, Phenomenological lagrangians, Physica A96 (1979) 327.

[2] J. Gasser and H. Leutwyler, Chiral perturbation theory to one loop, Ann. Phys. (NY) 158 (1984) 142; Chiral perturbation theory: expansions in the mass of the strange quark, Nucl. Phys. B 250 (1985) 465.

– 34 –

[3] G. Ecker, Chiral perturbation theory, Prog. Part. Nucl. Phys. 35 (1995) 1–80 [hep-ph/9501357];

A. Pich, Chiral perturbation theory, Rept. Prog. Phys. 58 (1995) 563–610 [hep-ph/9502366].

[4] H.W. Fearing and S. Scherer, Extension of the chiral perturbation theory meson lagrangian to order p^6, Phys. Rev. D 53 (1996) 315 [hep-ph/9408346];

J. Bijnens, G. Colangelo and G. Ecker, The mesonic chiral lagrangian of order p^6, JHEP 02 (1999) 020 [hep-ph/9902437]; Renormalization of chiral perturbation theory to order p^6, Ann. Phys. (NY) 280 (2000) 100 [hep-ph/9907333].

[5] R. Unterdorfer, The one-loop functional of chiral SU(2), JHEP 07 (2002) 053 [hep-ph/0205162];

J. Schweizer, Explicit generating functional for pions and virtual photons, JHEP 02 (2003) 007 [hep-ph/0212188];

R. Unterdorfer and G. Ecker, Generating functional for strong and nonleptonic weak interactions, JHEP 10 (2005) 017 [hep-ph/0507173].

[6] R. Akhoury and A. Alfakih, Invariant background field method for chiral lagrangians including Wess-Zumino terms, Ann. Phys. (NY) 210 (1991) 81;

T. Ebertshauser, H.W. Fearing and S. Scherer, The anomalous chiral perturbation theory meson lagrangian to order p^6 revisited, Phys. Rev. D 65 (2002) 054033 [hep-ph/0110261]; J. Bijnens, L. Girlanda and P. Talavera, The anomalous chiral lagrangian of order p^6, Eur. Phys. J. C 23 (2002) 539 [hep-ph/0110400].

[7] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B 72 (1974) 461;

E. Witten, Baryons in the 1/N expansion, Nucl. Phys. B 160 (1979) 57.

[8] M. Knecht and E. de Rafael, Patterns of spontaneous chiral symmetry breaking in the large-N_c limit of QCD-like theories, Phys. Lett. B 424 (1998) 335 [hep-ph/9712457]; A.V. Manohar, Large-N QCD, hep-ph/9802419.

[9] For reviews see A. Pich, Colourless mesons in a polychromatic world, in Phenomenology of large-N_C QCD, R.F. Lebed ed., World Scientific, Singapore 2002 [hep-ph/0205030].

[10] S.R. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians, 1, Phys.

Rev. 177 (1969) 2239;

C.G. Callan, S.R. Coleman, J. Wess and B. Zumino, Structure of phenomenological lagrangians, 2, Phys. Rev. 177 (1969) 2247.

[11] G. Ecker, J. Gasser, A. Pich and E. de Rafael, The role of resonances in chiral perturbation theory, Nucl. Phys. B 321 (1989) 311.

[12] V. Cirigliano, G. Ecker, M. Eidemüller, R. Kaiser, A. Pich and J. Portolés, work in preparation.

[13] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Chiral lagrangians for massive spin 1 fields, Phys. Lett. B 223 (1989) 425.

[14] B. Moussallam, A sum rule approach to the violation of Dashen’s theorem, Nucl. Phys. B 504 (1997) 381 [hep-ph/9701400];

S. Peris, M. Perrottet and E. de Rafael, Matching long and short distances in large-N_C QCD, JHEP 05 (1998) 011 [hep-ph/9805442];

M. Knecht and A. Nyffeler, Resonance estimates of O(p^6) low-energy constants and QCD short-distance constraints, Eur. Phys. J. C 21 (2001) 659 [hep-ph/0106034];

– 35 –

P.D. Ruiz-Femenia, A. Pich and J. Portoles, Odd-intrinsic-parity processes within the resonance effective theory of QCD, JHEP 07 (2003) 003 [hep-ph/0306157].

[15] V. Cirigliano, G. Ecker, M. Eidemuller, A. Pich and J. Portolés, The ⟨VAP⟩ green function in the resonance region, Phys. Lett. B 596 (2004) 96 [hep-ph/0404004]; V. Cirigliano et al., The ⟨SPP⟩ green function and SU(3) breaking in K_{l3} decays, JHEP 04 (2005) 006 [hep-ph/0503108];

J.J. Sanz-Cillero, Spin-1 correlators at large-N_c: matching OPE and resonance theory up to O(α_s), hep-ph/0507186.

[16] J. Prades, Massive spin 1 field chiral lagrangian from an extended Nambu-Jona-Lasinio model of QCD, Z. Physik C 63 (1994) 491 [hep-ph/9302246].

[17] G. Ecker, J. Kambor and D. Wyler, Resonances in the weak chiral lagrangian, Nucl. Phys. B 394 (1993) 101;

G. D’Ambrosio and J. Portoles, Spin-1 resonance contributions to the weak chiral lagrangian: the vector field formulation, Nucl. Phys. B 533 (1998) 494 [hep-ph/9711211].

[18] F. Guerrero and A. Pich, Effective field theory description of the pion form factor, Phys. Lett.

B 412 (1997) 382 [hep-ph/9707347];

D. Gomez Dumm, A. Pich and J. Portoles, τ → πππν_τ decays in the resonance effective theory, Phys. Rev. D 69 (2004) 073002 [hep-ph/0312183].

[19] D. Gomez Dumm, A. Pich and J. Portoles, The hadronic off-shell width of meson resonances, Phys. Rev. D 62 (2000) 054014 [hep-ph/0003320];

O. Cata and S. Peris, An example of resonance saturation at one loop, Phys. Rev. D 65 (2002) 056014 [hep-ph/0107062];

J.J. Sanz-Cillero and A. Pich, Rho meson properties in the chiral theory framework, Eur. Phys. J. C 27 (2003) 587 [hep-ph/0208199].

[20] I. Rosell, J.J. Sanz-Cillero and A. Pich, Quantum loops in the resonance chiral theory: the vector form factor, JHEP 08 (2004) 042 [hep-ph/0407240].

[21] M. Buchler and G. Colangelo, Renormalization group equations for effective field theories, Eur. Phys. J. C 32 (2003) 427 [hep-ph/0309049].

[22] P.C. Bruns and U.-G. Meissner, Infrared regularization for spin-1 fields, Eur. Phys. J. C 40 (2005) 97 [hep-ph/0411223].

[23] R. Kaiser, Large-N_C in chiral resonance lagrangians, hep-ph/0502065.

[24] I. Rosell, J.J. Sanz-Cillero and A. Pich, work in preparation.

[25] J. Bijnens, E. Gamiz, E. Lipartia and J. Prades, QCD short-distance constraints and hadronic approximations, JHEP 04 (2003) 055 [hep-ph/0304222].

[26] J.C. Collins, Renormalization, Cambridge University Press, Cambridge 1984.

[27] G. ’t Hooft, An algorithm for the poles at dimension four in the dimensional regularization procedure, Nucl. Phys. B 62 (1973) 444.

[28] P. Ramond, Field theory: a modern primer, Front. Phys. 74 (1989) 1;

B.S. DeWitt, The global approach to quantum field theory, vol. 1, 2, Int. Ser. Monogr. Phys. 114 (2003) 1.

– 36 –

[29] A.O. Barvinsky and G.A. Vilkovisky, The generalized Schwinger-DeWitt technique in gauge theories and quantum gravity, Phys. Rept. 119 (1985) 1;

C.-k. Lee, T. Lee and H. Min, Background field and Schwinger-DeWitt proper time algorithm for the low-energy effective field theory action, Phys. Rev. D 39 (1989) 1681; R.D. Ball, Chiral gauge theory, Phys. Rept. 182 (1989) 1;

D.V. Vassilevich, Heat kernel expansion: user’s manual, Phys. Rept. 388 (2003) 279 [hep-th/0306138].

[30] P. Herrera-Siklody, J.I. Latorre, P. Pascual and J. Taron, Chiral effective lagrangian in the large-N_C limit: the nonet case, Nucl. Phys. B 497 (1997) 345 [hep-ph/9610549].

[31] J.A.M. Vermaseren, New features of form, math-ph/0010025.

[32] Wolfram Research, Inc., Mathematica, Version 5.1, Champaign, IL (2004).

[33] J. Kambor, J. Missimer and D. Wyler, The chiral loop expansion of the nonleptonic weak interactions of mesons, Nucl. Phys. B 346 (1990) 17;

G. Ecker, G. Isidori, G. Muller, H. Neufeld and A. Pich, Electromagnetism in nonleptonic weak interactions, Nucl. Phys. B 591 (2000) 419 [hep-ph/0006172].

[34] G.P. Lepage and S.J. Brodsky, Exclusive processes in quantum chromodynamics: evolution equations for hadronic wave functions and the form-factors of mesons, Phys. Lett. B 87 (1979) 359; Exclusive processes in perturbative quantum chromodynamics, Phys. Rev. D 22 (1980) 2157;

S.J. Brodsky and G.P. Lepage, Large angle two photon exclusive channels in quantum chromodynamics, Phys. Rev. D 24 (1981) 1808.

[35] H.D. Politzer, Power corrections at short distances, Nucl. Phys. B 172 (1980) 349;

C. Arzt, Reduced effective lagrangians, Phys. Lett. B 342 (1995) 189 [hep-ph/9304230]; C. Grosse-Knetter, Hamiltonian quantization of effective lagrangians with massive vector fields, Phys. Rev. D 48 (1993) 2854 [hep-ph/9304310].

– 37 –